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Ñåìèíàð 1

Ôóíêöèÿ ìíîãèõ ïåðåìåííûõ

Çàäà÷à 1.1.Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè u =
√

(x2 + y2 − 1)(4− x2 − y2).

Du =


{
x2 + y2 − 1 ≥ 0,

4− x2 − y2 ≥ 0{
x2 + y2 − 1 < 0,

4− x2 − y2 < 0

Îòâåò: Çàìêíóòîå ìíîæåñòâî D íà Ðèñ. 1.

Ðèñ. 1. Ê çàäà÷å 1.1.

Îïðåäåëåíèå. Çàìêíóòîå ìíîæåñòâî � ìíîæåñòâî, êîòîðîìó ïðèíàäëåæàò âñå
ãðàíè÷íûå òî÷êè.

Îïðåäåëåíèå. Îòêðûòîå ìíîæåñòâî � ìíîæåñòâî, êîòîðîìó íå ïðèíàäëåæèò íè
îäíà ãðàíè÷íàÿ òî÷êà.

Çàäà÷à 1.2. Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè u =
√

x2+y2−x
2x−x2−y2 .

Du =


{
x2 + y2 − x ≥ 0,

2x− x2 − y2 > 0{
x2 + y2 − x < 0,

2x− x2 − y2 < 0

⇔ Du =


{

(x− 0.5)2 + y2 − 0.25 ≥ 0,

−(x− 1)2 − y2 + 1 > 0{
(x− 0.5)2 + y2 − 0.25 < 0,

−(x− 1)2 − y2 + 1 < 0

Îòâåò: Ìíîæåñòâî D íà Ðèñ. 2. (íå çàìêíóòîå è íå îòêðûòîå).

Çàäà÷à 1.3. Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè u = arcsin x
y2

+ arcsin(1− y).

Du =

 −1 ≤ x

y2
≤ 1,

−1 ≤ 1− y ≤ 1
⇔ Du =

{
−y2 ≤ x ≤ y2, y 6= 0,

0 ≤ y ≤ 2
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Îòâåò: Ìíîæåñòâî D íà Ðèñ. 3.

Ðèñ. 2. Ê çàäà÷å 1.2.

Ðèñ. 3. Ê çàäà÷å 1.3.

Ëèíèè óðîâíÿ

Îïðåäåëåíèå.Ëèíèÿ óðîâíÿ � ìíîæåñòâî òî÷åê èç îáëàñòè îïðåäåëåíèÿ ôóíêöèè
u = f(x, y) , ãäå ôóíêöèÿ ðàâíà êîíñòàíòå u = const.

Çàäà÷à 1.4. Íàéòè ëèíèè óðîâíÿ ôóíêöèè u = (x2 + y2)−1.

1

x2 + y2
= C, C ∈ R ⇒ 1

C
= x2 + y2

Çàäà÷à 1.5. Íàéòè ëèíèè óðîâíÿ ôóíêöèè z = |x|+ |y| − |x+ y|.

Íåîáõîäèìî ðàññìîòðåòü øåñòü ðàçëè÷íûõ ñëó÷àåâ:
1) x > 0, y > 0 : z = 0
2) x < 0, y < 0 : z = 0
3.1) x > 0, y < 0, |x| > |y| : z = x− y − (x+ y) = −2y
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Ðèñ. 4. Ê çàäà÷å 1.4.

3.2) x > 0, y < 0, |x| < |y| : z = x− y + (x+ y) = 2x
4.1) x < 0, y > 0, |x| > |y| : z = −x+ y + (x+ y) = 2y
4.2) x < 0, y > 0, |x| < |y| : z = −x+ y − (x+ y) = −2x

Ðèñ. 5. Ê çàäà÷å 1.5.

Îïðåäåëåíèå. ×èñëî b íàçûâàåòñÿ ïðåäåëîì ôóíêöèè äâóõ ïåðåìåííûõ u(x, y) â
òî÷êå A, åñëè äëÿ ∀ε > 0 ∃δ > 0 : äëÿ ∀M ∈ Du 0 < ρ(M,A) < δ áóäåò âûïîëíÿòüñÿ
|u(M)− b| < ε.

Ïðåäåë ïî ñîâîêóïíîñòè àðãóìåíòîâ. Ïîâòîðíûé ïðåäåë

Ïîâòîðíûé ïðåäåë:

lim
y→y0

(
lim
x→x0

u(x, y)

)
èëè lim

x→x0

(
lim
y→y0

u(x, y)

)

Çàäà÷à 1.6. Äàíà ôóíêöèÿ u = x−y
x+y

. Óáåäèòüñÿ, ÷òî åñòü îáà ïîâòîðíûõ ïðåäåëà

â òî÷êå O(0; 0). À ïðåäåëà ïî ñîâîêóïíîñòè àðãóìåíòîâ â òî÷êå O íå ñóùåñòâóåò.

lim
y→0

(
lim
x→0

x− y
x+ y

)
= lim

y→0
(−1) = −1

7

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 2 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Ðèñ. 6. Ïîâòîðíûé ïðåäåë

lim
x→0

(
lim
y→0

x− y
x+ y

)
= lim

x→0
(1) = 1

Áóäåì èñêàòü ïðåäåë ïî ñîâîêóïíîñòè àðãóìåíòîâ ïî òðàåêòîðèè y = kx. Òîãäà

lim
(x;y)→(0;0)

x− y
x+ y

= lim
(x;y)→(0;0)

x(1− k)

x(1 + k)
=

1− k
1 + k

Ò. å. ïðåäåë çàâèñèò îò êîýôôèöèåíòà íàêëîíà k, ñëåäîâàòåëüíî, ïðåäåë ïî ñîâîêóï-
íîñòè àðãóìåíòîâ íå ñóùåñòâóåò.

Çàäà÷à 1.7. Äàíà ôóíêöèÿ u = (x + y) sin 1
x

sin 1
y
. Óáåäèòüñÿ, ÷òî ïðåäåë ïî

ñîâîêóïíîñòè àðãóìåíòîâ â òî÷êå O(0; 0) åñòü. À ïîâòîðíûå ïðåäåëû íå ñóùåñòâóþò.

lim
(x;y)→(0;0)

(x+ y) sin
1

x
sin

1

y
= [áåñêîíå÷íî ìàëàÿ × îãðàíè÷åííàÿ] = 0

Çàäà÷à 1.8. Íàéòè ïîâòîðíûå ïðåäåëû ôóíêöèè u = xy

1+xy
ïðè x→ +∞, y → +0.

1) lim
x→+∞

(
lim
y→+0

xy

1 + xy

)
= lim

x→+∞

1

2
=

1

2

2) lim
y→+0

(
lim

x→+∞

xy

1 + xy

)
= lim

y→+0

(
lim

x→+∞

1

1 + 1
xy

)
= lim

y→+0
1 = 1

Çàäà÷à 1.9. Íàéòè ïðåäåë ïî ñîâîêóïíîñòè àðãóìåíòîâ

lim
(x;y)→(+∞;+∞)

(
xy

x2 + y2

)x2
Â äàííîì ñëó÷àå íåîáõîäèìî ïðèìåíèòü òåîðåìó ¾î äâóõ ìèëèöèîíåðàõ¿:

0 <
xy

x2 + y2
≤ 1

2

0x
2

<

(
xy

x2 + y2

)x2
≤
(

1

2

)x2
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lim
(x;y)→(+∞;+∞)

0x
2

= 0

lim
(x;y)→(+∞;+∞)

(
1

2

)x2
= 0

⇒ lim
(x;y)→(+∞;+∞)

(
xy

x2 + y2

)x2
= 0.
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Ñåìèíàð 2

×àñòíàÿ ïðîèçâîäíàÿ

Îïðåäåëåíèå. Ïóñòü ôóíêöèÿ u(x, y) îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè
(x0; y0). ×àñòíîé ïðîèçâîäíîé ôóíêöèè u(x, y) ïî àðãóìåíòó x íàçûâàåòñÿ ïðåäåë
(åñëè îí ñóùåñòâóåò):

lim
∆x→0

∆xu

∆x
= lim

∆x→0

u(x0 + ∆x, y0)− u(x0, y0)

∆x

Çàäà÷à 2.1. Ñóùåñòâóåò ëè ïðåäåë â òî÷êå O(0; 0) ôóíêöèè

u(x, y) =

{
1, xy 6= 0,

@, xy = 0

Îòâåò: Ñóùåñòâóåò.

Çàäà÷à 2.2. Ñóùåñòâóåò ëè ïðåäåë â òî÷êå O(0; 0) ôóíêöèè

u(x, y) =

{
1, xy 6= 0,

0, xy = 0

Îòâåò: Íå ñóùåñòâóåò.
Ïîëíîå ïðèðàùåíèå: ∆u = u(x0 + ∆x, y0 + ∆y)− u(x0, y0).

Îïðåäåëåíèå. Ôóíêöèÿ äâóõ ïåðåìåííûõ íàçûâàåòñÿ äèôôåðåíöèðóåìîé â
çàäàííîé òî÷êå, åñëè ìîæíî çàïèñàòü ïîëíîå ïðèðàùåíèå â âèäå

∆u = A1∆x+ A2∆y + α1(∆x,∆y)∆x+ α2(∆x,∆y)∆y

(A1, A2 � ÷èñëà, íå çàâèñÿùèå îò ∆x,∆y; α1, α2 � áåñêîíå÷íî ìàëûå ïðè
∆x→ 0,∆y → 0 è α1,2(0; 0) = 0)

èëè

∆u = A1∆x+ A2∆y + α(ρ)

(ρ =
√

∆x2 + ∆y2, α(ρ) = o(ρ) ïðè ρ→ 0, α(0) = 0)

Çàäà÷à 2.3. Íàéòè ïðåäåë â ïîëÿðíûõ êîîðäèíàòàõ limρ→+0 exp
(

x
x2+y2

)
.

lim
ρ→+0

exp

(
x

x2 + y2

)
= lim

ρ→+0
exp

(
ρ cosφ

ρ2 cos2 φ+ ρ2 sin2 φ

)
= lim

ρ→+0
exp

(
cosφ

ρ

)
Âèäíî, ÷òî ïðåäåë çàâèñèò îò óãëà φ.
Çàäà÷à 2.4. Íàéòè ÷àñòíûå ïðîèçâîäíûå ôóíêöèè u = xy + x

y
.

∂u

∂x
= ux = y +

1

y
=
y2 + 1

y
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∂u

∂y
= x− x

y2

Çàäà÷à 2.5. Íàéòè ÷àñòíûå ïðîèçâîäíûå ôóíêöèè u = 3
√
xy â òî÷êå O(0; 0).

∂u

∂x

∣∣∣∣
(0;0)

= lim
∆x→0

u(∆x, 0)− u(0, 0)

∆x
= 0

∂u

∂y

∣∣∣∣
(0;0)

= lim
∆y→0

u(0,∆y)− u(0, 0)

∆y
= 0

Çàäà÷à 2.6. Äàíà ôóíêöèÿ u = tg x2

y
. Íàéòè ∆u, du â òî÷êå (1; 2),

åñëè ∆x = −1, ∆y = 1.
Îòâåò: ∆u = − tg 1

2
, du = − 1.25

cos2 1
2

.

Çàäà÷à 2.7. Äàíà ôóíêöèÿ u = x
y
z . Íàéòè ux, uy, uz. Íàéòè ∆u, du â òî÷êå

(1; 0; 2), åñëè ∆x = 2, ∆y = −3, ∆z = 1.

Îòâåò: ux = yxy/z−1

z
, uy = xy/z lnx

z
, u = −yxy/z lnx

z2
, ∆u = −2

3
, du = 0.

Çàäà÷à 2.8. Ïîñ÷èòàòü ïðèáëèçèòåëüíî 1.002× (2.003)2 × (3.004)3.
Ïóñòü u = xy2z3, à x0 = 1, y0 = 2, z0 = 3, ∆x = 0.002, ∆y = 0.003, ∆z = 0.004.

u(x0 + ∆x, y0 + ∆y, z0 + ∆z) ≈ u(x0, y0, z0) + A1∆x+ A2∆y + A3∆z

1.002× (2.003)2 × (3.004)3 ≈ 108× (1 + 0.009)

Çàäà÷à 2.9. Ïîñ÷èòàòü ïðèáëèçèòåëüíî sin 29◦ tg 46◦.
Ïîäñêàçêà. x0 = π

6
, y0 = π

4
, ∆x ≈ 0.017, ∆y ≈ 0.017.

Çàäà÷à 2.10. x, y � ìàëûå âåëè÷èíû. Îöåíèòü arctg
(
x+y
1+xy

)
.

Ïîäñêàçêà. Ïóñòü u = arctg t
v
, t0 = 0, v0 = 1, ∆t = x+ y, ∆v = xy

Îòâåò: ≈ x+ y.
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Ñåìèíàð 3

×àñòíàÿ ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè

Ïóñòü u = f(t, v), t = t(x, y), v = v(x, y), òîãäà àëãîðèòì âçÿòèÿ ÷àñòíûõ
ïðîèçâîäíûõ â îïåðàòîðíîé ôîðìå èìååò âèä

�x = �t × tx + �v × vx
�y = �t × ty + �v × vy

Çàäà÷à 3.1. Äàíà ôóíêöèÿ u = f(t, v), t = xyz, v = x2 + y2 + z2.
Íàéòè ux, uxx, uxz.

ux = utyz + uv2x

uz = utxy + uv2z

uxx = yzutx + 2uv + 2xuvx = yz[uttyz + utv2x] + 2uv + 2x[utvyz + uvv2x]

Çàäà÷à 3.2. Äàíà ôóíêöèÿ u = f(t, v), t = xy, v = x2 − y2. Íàéòè uxy.

ux = uty + uv2x

uxy = ut + yuty + 2xuvy = ut + y[uttx− 2yutv] + 2x[uvtx− 2yuvv]

Çàäà÷à 3.3. Äàíà ôóíêöèÿ u = f(t, v, w), t = xy, v = x
y

+ y, w = x.
Íàéòè uxyx.

Çàäà÷à 3.4. Äàíà ôóíêöèÿ u = sin(x2 + y2). Íàéòè d3u.
Ïóñòü u = sin t, ãäå t = x2 + y2.

du = cos tdt

d2u = − sin t(dt)2 + cos td2t

d3u = − cos t(dt)3 − (sin t)2dtd2t− (sin t)dtd2t− (cos t)d3t =

= − cos t(dt)3 − 3(sin t)dtd2t− cos td3t∣∣∣∣∣∣∣
dt = 2xdx+ 2ydy

d2t = 2(dx)2 + 2(dy)2

d3t = 0

Çàäà÷à 3.5. Äàíî ðåøåíèå íåêîòîðîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ:
z = x+ φ(xy). Íàéòè èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå.
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Ïóñòü φ(xy) = φ(t), ãäå t = xy.{
zx = 1 + φty,

zy = φtx
⇒ Îòâåò: xzx − yzy = x.

Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ

Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ ∂u
∂l

(M) ÿâëÿåòñÿ ñêîðîñòüþ èçìåíåíèÿ ôóíêöèè

u(M) ïî íàïðàâëåíèþ l â òî÷êå M .
Åñëè â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Oxyz l = {cosα, cos β, cos γ}, òî

∂u

∂l
=
∂u

∂x
cosα +

∂u

∂y
cos β +

∂u

∂z
cos γ

Çàäà÷à 3.6. Íàéòè ïðîèçâîäíóþ ïî íàïðàâëåíèþ ∂z
∂l
ôóíêöèè z = x2 − y2 â

òî÷êå (1; 1), åñëè l ñîñòàâëÿåò óãîë π
3
ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox.

Ãðàäèåíò: grad z = { ∂z
∂x
, ∂z
∂y
}

Åäèíè÷íûé âåêòîð: l = {cosα, sinα}

∂z

∂l
= (grad z, l) = 1−

√
3

Çàäà÷à 3.7. Íàéòè ïðîèçâîäíóþ ïî íàïðàâëåíèþ ∂z
∂l
ôóíêöèè z = x2−xy+ y2 â

òî÷êå (1; 1), åñëè l ñîñòàâëÿåò óãîë α ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox.
Îòâåòèòü â êàêîì íàïðàâëåíèè ïðîèçâîäíàÿ èìååò ìàêñèìóì, ìèíèìóì è ðàâíà
íóëþ.

∂z

∂x

∣∣∣∣
(1;1)

= 2x− y = 1,
∂z

∂y

∣∣∣∣
(1;1)

= 2y − x = 1

∂z

∂l
= cosα + sinα =

√
2 sin(α +

π

4
)

Îòâåò: Max : α = π
4
, Min : α = 5π

4
, ′0′ : α = 3π

4
.

Çàäà÷à 3.8. Íàéòè óãîë ìåæäó ãðàäèåíòîì ôóíêöèè u = x2 + y2 − z2 â òî÷êå
A(1; 1; 0) è ãðàäèåíòîì â òî÷êå B(0; 1;−1).

grad u = {2x, 2y,−2z}

grad u

∣∣∣∣
A

= {2, 2, 0}

grad u

∣∣∣∣
B

= {0, 2, 2}
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cosφ =
4√

22 + 22 ×
√

22 + 22
=

1

2

Îòâåò: π
3
.

Çàäà÷à 3.9. Äàíà ôóíêöèÿ u(x, y). Èçâåñòíî, ÷òî ïðè y = x2 u(x, y) = 1 è
ux = x. Íàéòè uy íà ëèíèè y = x2.
Ñ îäíîé ñòîðîíû, íà ëèíèè y = x2

du = uxdx+ uydy = uxdx+ uy2xdx = xdx+ uy2xdx

Ñ äðóãîé ñòîðîíû,

du = d(1) = 0 ⇒ Îòâåò: uy = −1

2
.
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Ñåìèíàð 4

Íåÿâíûå ôóíêöèè

f(x, y) = 0 � ýòî óðàâíåíèå!
Òåîðåìà. Ïóñòü: 1) ôóíêöèÿ F (x, y) íåïðåðûâíà â íåêîòîðîì ïðÿìîóãîëüíèêå

Q = {(x, y) : a < x < b, c ≤ y ≤ d};
2) ∀x ∈ (a, b) : F (x, c)F (x, d) < 0 (ò. å. íà íèæíåé è âåðõíåé ñòîðîíàõ

ïðÿìîóãîëüíèêà Q ôóíêöèÿ F (x, y) èìååò çíà÷åíèÿ ðàçíûõ çíàêîâ;
3) ∀x ∈ (a, b) ôóíêöèÿ F (x, y) ÿâëÿåòñÿ ñòðîãî ìîíîòîííîé ôóíêöèåé àðãóìåíòà

y íà ñåãìåíòå [c, d].
Òîãäà íà (a, b) ñóùåñòâóåò åäèíñòâåííàÿ íåÿâíàÿ ôóíêöèÿ, îïðåäåëÿåìàÿ

óðàâíåíèåì F (x, y) = 0, è ýòà ôóíêöèÿ íåïðåðûâíà íà (a, b).

Çàäà÷à 4.1. Äàíî óðàâíåíèå x3 + y3 + xy = 1. Íàéòè â òî÷êå M(1; 0) y′ è y′′.
Ïóñòü y = y(x)

x3 + y3(x) + xy(x) = 1

3x2 + 3y2y′ + y + xy′ = 0 (∗)
Ïîäñòàâëÿÿ x = 1, y = 0, ïîëó÷àåì

3 + y′ = 0 ⇒ y′ = −3

Äèôôåðåíöèðóåì (∗) åù¼ ðàç

6x+ 6yy′2 + 3y2y′′ + 2y′ + xy′′ = 0

6− 6 + y′′ = 0 ⇒ y′′ = 0

Çàäà÷à 4.2. Äàíî óðàâíåíèå y = 2x arctg y
x
. Íàéòè y′, y′′.

y

x
= 2 arctg

y

x

y′x− y
x2

= 2
1

1 + y2

x2

y′x− y
x2

⇒ y′x− y
x2

= 0

y′ =
y

x

y′′ =
y′x− y
x2

=
y
x
x− y
x2

= 0

Çàäà÷à 4.3. Äàíî (x2 + y2)2 = x2 − y2. Íàéòè y′ â òî÷êå O(0; 0).
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2(x2 + y2)(2x+ 2yy′) = 2x− 2yy′

Îòñþäà ìû íå ìîæåì íàéòè y′. Íóæíî ïðîäèôôåðåíöèðîâàòü âñ¼ åù¼ ðàç

2(2x+ 2yy′)2 + 2(x2 + y2)(2 + 2y′2 + 2yy′′) = 2− 2(y′)2 − 2yy′′

2− 2(y′)2 = 0 ⇒ y′ = ±1

Ò. å. ÷åðåç íà÷àëî êîîðäèíàò ïðîõîäÿò äâå âåòâè!

Çàäà÷à 4.4. Äàíî x2 + y2 + z2 = a2. Íàéòè zx, zy, zxx, zxy, zyy.
Çàìå÷àåì, ÷òî ïðîùå çàïèñàòü ïîëíûé äèôôåðåíöèàë, ÷òîáû íàéòè âñå íåîáõîäèìûå

ïðîèçâîäíûå
2xdx+ 2ydy + 2zdz = 0 (∗∗)

dz = −x
z
dx− y

z
dy = zxdx+ zydy

⇒ zx = −x
z
, zy = −y

z

Âîçüìåì äèôôåðåíöèàë îò (∗∗) åù¼ ðàç

(dx)2 + (dy)2 + (dz)2 + zd2z = 0

d2z = −1

z

[
(dx)2 + (dy)2 +

(x
z

)2

(dx)2 + 2
xy

z2
dxdy +

(y
z

)
(dy)2

]
zxx = −x

2 + z2

z3

zxy = −xy
z3

zyy = −z
2 + y2

z3

Çàäà÷à 4.5. Äàíà ñèñòåìà x2 + y2 =
z2

2
,

x+ y + z = 2

Áóäåì ñ÷èòàòü, ÷òî x = x(z), y = y(z). Íàéòè x′, y′, x′′, y′′ â òî÷êå M(1;−1; 2).
Ïðîäèôôåðåíöèðóåì òîæäåñòâà, ïîëó÷àåìûå èç ñèñòåìû óðàâíåíèé,{

2xx′ + 2yy′ = z

x′ + y′ + 1 = 0

Òîãäà â òî÷êå M {
x′ − y′ = 1,

x′ + y′ = −1
⇒ x′ = 0, y′ = −1
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Ïðîäèôôåðåíöèðóåì âñ¼ åù¼ ðàç{
2xx′′ + 2(x′)2 + 2yy′′ + 2(y′)2 = 1,

x′′ + y′′ = 0

Òîãäà â òî÷êå M {
2x′′ − 2y′′ = −1,

x′′ − y′′ = 0
⇒ x′′ =

1

4
, y′′ = −1

4

Çàäà÷à 4.6. Ñêîëüêî ôóíêöèé îïðåäåëÿåò óðàâíåíèå x2 − y2 = 0 â îêðåñòíîñòè
òî÷êè O(0; 0).
Îòâåò: 4 íåïðåðûâíûõ ôóíêöèè (Ðèñ. 7.): y = x, y = −x, y = |x|, y = −|x|.

Ðèñ. 7. Ê çàäà÷å 4.6.

Çàäà÷à 4.7. Â îêðåñòíîñòè êàêîé èç òðåõ òî÷åêA(2; 0), B(0; 2), C(2; 2) óðàâíåíèå
x2 + y2 − 4 = 0 çàäàåò íåÿâíóþ ôóíêöèþ.

(2; 2) � íå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

2x+ 2yy′ = 0

A : 4 + 0 6= 0

B : 0 + 4y′ = 0 ⇒ y′ = 0

Ðèñ. 8. Ê çàäà÷å 4.7.

Îòâåò: B.
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Çàìåíà ïåðåìåííûõ

Ïóñòü åñòü ôóíêöèÿ y = f(x), è ìû õîòèì ïåðåéòè ê íîâûì ïåðåìåííûì
x, y → t, u.

Àëãîðèòì:

1) Äëÿ âñåõ âèäîâ ñâÿçè ìåæäó ïåðåìåííûìè x, y, t, u äèôôåðåíöèðóåì óñëîâèÿ
ñâÿçè ïî ïåðåìåííîé t, ñ÷èòàÿ x, y, uôóíêöèÿìè ïåðåìåííîé t. Ïîëó÷àåì óðàâíåíèÿ
ëèíåéíûå îòíîñèòåëüíî ẋ, ẏ, u̇.

2) Èç ýòèõ óðàâíåíèé ïîëó÷àåì âûðàæåíèÿ äëÿ ẋ è ẏ.

3) Ïîäñòàâëÿåì íàéäåííûå âûðàæåíèÿ äëÿ ẋ è ẏ â ôîðìóëó

dy

dx
=
ẏ

ẋ
.

4) Åñëè åñòü âòîðûå ïðîèçâîäíûå, èñïîëüçóåì îïåðàòîðíóþ ôîðìóëó

�x =
�̇
ẋ

5) Â èñõîäíîì âûðàæåíèè ïîëíîñòüþ ïåðåõîäèì ê íîâûì ïåðåìåííûì t è u.

Çàäà÷à 4.8. Ðåøèòü óðàâíåíèå Ýéëåðà x2y′′ + xy′ + y = 0.
Ñîâåðøèì ïåðåõîä x, y → t, y, ãäå x = et

ẋ = et

ẏ = ẏ

y′ =
ẏ

et
= ẏe−t

y′′ =
ÿe−t − ẏe−t

et
=
ÿ − ẏ
e2t

ÿ − ẏ + ẏ + y = 0

Ïîëó÷àåì êëàññè÷åñêîå êîëåáàòåëüíîå óðàâíåíèå:

ÿ + y = 0
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Ñåìèíàð 5

Çàäà÷à 5.1. Äàíî: 1) ∀(x0, y0) ∈ G è ∀ε > 0 ∃δ(x0, y0, ε) > 0 : ∀(x, y0) ∈ G
|x− x0| < δ ⇒ |f(x, y0)− f(x0, y0)| < ε
2) ∀(x, y), (x, y0) ∈ G |f(x, y)− f(x, y0)| < k|y − y0|
Äîêàçàòü: ∀(x0, y0) ∈ G ∀ε > 0 ∃δ(ε, x0, y0) > 0 : ∀(x, y) ∈ G
|x− x0| < δ, |y − y0| < δ ⇒ |f(x, y)− f(x0, y0)| < ε

Äîê-âî:

|f(x, y)− f(x0, y0)| = |f(x, y)− f(x0, y0) + f(x, y0)− f(x, y0)|

|f(x, y)− f(x0, y0) + f(x, y0)− f(x, y0)| ≤ |f(x, y)− f(x, y0)|+ |f(x, y0)− f(x0, y0)|
Â ñèëó 2) ∀ε > 0 íàéäåòñÿ δ1(ε) = ε

2k
: ∀(x, y), (x, y0) ∈ G áóäåò âûïîëíÿòüñÿ

|f(x, y)− f(x, y0)| < k|y − y0| <
ε

2

Â ñèëó 1) ∀ε > 0 ∃δ2(ε, x0, y0) > 0 : ∀(x, y0) ∈ G |x− x0| < δ2 ⇒

⇒ |f(x, y0)− f(x0, y0)| < ε

2

∀(x0, y0) ∀ε > 0 ∃δ = min{δ1, δ2} :

∀(x, y) |x− x0| < δ, |y − y0| < δ ⇒ |f(x, y)− f(x0, y0)| < ε ÷òî è ò. ä.

Çàäà÷à 5.2. Íàéòè ïðåäåë ïî ñîâîêóïíîñòè àðãóìåíòîâ lim(x,y)→(+∞,+∞)
x2+y2

ex+y
.

Íàì ïîìîæåò ¾òåîðåìà î äâóõ ìèëèöèîíåðàõ¿:

0 <
x2 + y2

ex+y
<

(x+ y)2

ex+y

lim
(x,y)→(+∞,+∞)

(x+ y)2

ex+y
= lim

t→+∞

t2

et
= {Ïðàâèëî Ëîïèòàëÿ} = 0

Îòâåò: 0.

Çàäà÷à 5.3. Äàíî 4x2 + y2 = 8. Íàéòè âíóòðåííþþ íîðìàëü.

F (x, y) = 0

grad F = {Fx, Fy} � âñåãäà ïåðïåíäèêóëÿðåí ëèíèè óðîâíÿ!

grad u = {8x, 2y}

nâíåø = − 1

|grad u|grad u
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Çàäà÷à 5.4. Äàíà ôóíêöèÿ u = ln(x2 + y2). Íàéòè ïðîèçâîäíóþ ýòîé ôóíêöèè
â òî÷êå M(1;−1) â íàïðàâëåíèè l ïåðïåíäèêóëÿðíîì ê ëèíèè óðîâíÿ, ïðîõîäÿùåé
÷åðåç òî÷êó M .
Ëèíèè óðîâíÿ: ln(x2 + y2) = C, C ∈ R. Íàïðàâëåíèå l è grad u ñîâïàäàþò.

cosα =
ux(M)

|grad u| , cos β =
uy(M)

|grad u|

grad u = { 2x

x2 + y2
,

2y

x2 + y2
}

grad u

∣∣∣∣
M

= {1,−1} ⇒ |grad u| =
√

2

∂u

∂l

∣∣∣∣
M

=
∂u

∂x

∣∣∣∣
M

· cosα +
∂u

∂y

∣∣∣∣
M

· cos β =
√

2

Îòâåò:
√

2.

Çàäà÷à 5.5. Äàíî äèôôåðåíöèàëüíîå óðàâíåíèå y′y′′′−3y′′2 = x. Íóæíî çàìåíèòü
ïåðåìåííûå x, y → y, x.

x, y → t, u

y(x)→ u(t)

Óñëîâèÿ ñâÿçè: x = u, y = t.
ẋ = u̇

ẏ = 1

y′ =
1

u̇

y′′ =
− 1
u̇2
ü

u̇
= − ü

u̇3

y′′′ = −
...
u u̇3 − ü3u̇2ü

u̇u̇6

Îòâåò: x′′′ + xx′5 = 0.

Çàäà÷à 5.6. Äàíî äèôôåðåíöèàëüíîå óðàâíåíèå y′ = x+y
x−y . Íóæíî ïåðåéòè ê

ïîëÿðíûì êîîðäèíàò è ðåøèòü åãî.

ẋ = ρ̇ cosφ− ρ sinφ

ẏ = ρ̇ sinφ+ ρ cosφ

y′ =
ρ̇ sinφ+ ρ cosφ

ρ̇ cosφ− ρ sinφ

⇒ ρ̇ sinφ+ ρ cosφ

ρ̇ cosφ− ρ sinφ
=
ρ(cosφ+ sinφ)

ρ(cosφ− sinφ)
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Îòêóäà
ρ̇ = ρ

dρ

dφ
= ρ ⇒ dρ

ρ
= dφ ⇒

∫
dρ

ρ
=

∫
dφ

Çàäà÷à 5.7. Äàíî x2

1−lnx
y′+y = 1. Íóæíî ïåðåéòè ê íîâûì ïåðåìåííûì x, y → t, u

ïðè óñëîâèÿõ ñâÿçè y = u+ 1, lnx
x

= ln t
t
.

Çàìåíà ïåðåìåííûõ â ñëó÷àå ôóíêöèé ìíîãèõ ïåðåìåííûõ

x, y, z : z(x, y) → t, u, w : w(t, u)

1) Âçÿòü äèôôåðåíöèàë îò óñëîâèé ñâÿçè. Ñðàçó ïîëàãàÿ, ÷òî dw = wtdt+ wudu.
Ïîëó÷àåì ñèñòåìó èç òð¼õ óðàâíåíèé ëèíåéíûõ îòíîñèòåëüíî dt, du, dz, dx, dy.

2) Ðåøàåì ñèñòåìó îòíîñèòåëüíî dt, du, dz.

3) Âûðàæåíèå äëÿ dz, ïîëó÷åííîå â ïóíêòå 2), ïðèðàâíèâàåì ê zxdx + zydy. È
ñîáðàâ êîýôôèöèåíòû ïðè dx(dy), ïîëó÷èì çíà÷åíèè äëÿ zx(zy).

4) Åñëè íóæíû âòîðûå ïðîèçâîäíûå, òî íàäî ïðèìåíèòü ïåðâûé äèôôåðåíöèàë
ê ïåðâûì ïðîèçâîäíûì.

zx = φ(x, y, z, w, wt, wu, t, u)

zxxdx+ zxydy = dφ

5) Ïîëíîñòüþ ïåðåõîäèì â èñõîäíîì âûðàæåíèè ê íîâûì ïåðåìåííûì.
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Ñåìèíàð 6

Çàìåíà ïåðåìåííûõ â âûðàæåíèÿõ ñ ïðîèçâîäíûìè

Çàäà÷à 6.1. Äàíî óðàâíåíèå x2

1−lnx
y′ + y = 0. Ïåðåéòè ê íîâûì ïåðåìåííûì

x, y : y(x) → t, u : u(t) ïðè óñëîâèÿõ ñâÿçè y = u+ 1, lnx
x

= ln t
t
.

ẏ = u̇

ẋ(1− lnx)

x2
=

1− ln t

t2

ẋ =
x2(1− ln t)

t2(1− lnx)

y′ =
ẏ

ẋ
=
u̇t2(1− lnx)

x2(1− ln t)

t2

1− ln t
· u̇t

2(1− ln t)

t2(1− ln t)
+ u = 0

Îòâåò: t2

1−ln t
u̇+ u = 0.

Çàäà÷à 6.2. Äàíî óðàâíåíèå xzx + yzy = z. Ïåðåéòè ê íîâûì ïåðåìåííûì
x, y, z : z(x, y) → t, u, z : z(t, u) ïðè óñëîâèÿõ ñâÿçè t = x, ux = y.

dt = dx

u =
y

x
⇒ du = − y

x2
dx+

dy

x

dz = zxdx+ zydy = ztdt+ zudu = (zt −
y

x2
zu)dx+

zu
x
dy

⇒ zx = zt −
y

x2
zu, zy =

zu
x

Îòâåò: tzt = z.

Çàäà÷à 6.3. Äàíî óðàâíåíèå xzx + yzy = 2z. Ïåðåéòè ê íîâûì ïåðåìåííûì

x, y, z : z(x, y) → t, u, w : w(t, u) ïðè óñëîâèÿõ ñâÿçè t = x
y
, u = x2+y2

2
, w = xy

2
.

dt =
1

y
dy − x

y2
dy

du =
1

2
(2xdx+ 2ydy)

z =
xy

w
⇒ dz =

y

w
dx+

x

w
dy − xy

w2
[wtdt+ wudu]

zx =
y

w
− x

w2
wt −

x2y

w2
wu

zy =
x

w
+

x

yw2
wt −

xy2

w2
wu
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xzx + yzy =
2xy

w
− x3y + xy3

w2
wu

Îòâåò: wu = 0.

Çàäà÷à 6.4. Äàíî óðàâíåíèå xzx + (y + 1)zy = 0. Ïåðåéòè ê íîâûì ïåðåìåííûì
x, y, z : z(x, y) → t, u, w : w(t, u) ïðè óñëîâèÿõ ñâÿçè x = u+ t, y = u

t
, z = w

t
.

Îòâåò: wu = 0.

Çàäà÷à 6.5. Äàíî óðàâíåíèå x2+y4

y
zx + x(1 + y2)zy = y3

x
− xy. Ïåðåéòè ê íîâûì

ïåðåìåííûì x, y, z : z(x, y) → t, u, w : w(t, u) ïðè óñëîâèÿõ ñâÿçè
t2 + u2 + x2 − y2 = 0, x = uy, sin(w − z) = t.

Çàäà÷à 6.6. Äàíî óðàâíåíèå zxx − 2zxy + zyy = 0. Ïåðåéòè ê íîâûì ïåðåìåííûì
x, y, z : z(x, y) → t, u, w : w(t, u) ïðè óñëîâèÿõ ñâÿçè t = x+ y, u = y

x
, w = z

x
.

dt = dx+ dy

du =
1

x
dy − y

x2
dx

z = wx ⇒ dz = x(wtdt+ wudu) + wdx

zx = w + xwt −
y

x
wu

zy = xwt + wu

zyxdx+ zyydy = wtdx+ x(wttdt+ wtudu) + wutdt+ wuudu

zxx = 2wt + xwtt − 2
y

x
wtu +

y2

x3
wuu

zxy = wt + xwtt + (1− y

x
)wtu −

y

x2
wuu

zyy = xwtt + 2wtu +
1

x
wuu

x2 + y2 + 2

x3
wuu = 0

Îòâåò: wuu = 0.

Çàäà÷à 6.7. Äàíî óðàâíåíèå zxx + zxy + zx = z. Ïåðåéòè ê íîâûì ïåðåìåííûì
x, y, z : z(x, y) → t, u, w : w(t, u) ïðè óñëîâèÿõ ñâÿçè x = t+u, y = t−u, z = weu−t.

{
x = t+ u,

y = t− u ⇒
t =

x+ y

2
⇒ dt =

1

2
(dx+ dy)

u =
x− y

2
⇒ du =

1

2
(dx− dy)

z = weu−t = we−y

dz = −we−ydy + e−y
wt
2
dx+ e−y

wt
2
dy + e−y

wu
2
dx− e−ywu

2
dy
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zx =
e−y

2
(wt + wu)

zxxdx+ zxydy = −e
−y

2
(wt + wu)dy +

e−y

2
(wttdt+ wtudu+ wutdt+ wuudu)

zxx + zxy = −e
−y

2
(wt + wu) +

e−y

2
(wtt + wut)

zxx + zxy + zx =
e−y

2
(wtt + wut)

zxx + zxy + zx = z ⇔ wtt + wut = 2w

Îòâåò: wtt + wut = 2w.
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Ñåìèíàð 7

Ëîêàëüíûé ýêñòðåìóì

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ôóíêöèÿ u = f(M) èìååò â òî÷êå M0 ëîêàëüíûé
ìàêñèìóì (ìèíèìóì), åñëè ñóùåñòâóåò òàêàÿ îêðåñòíîñòü òî÷êè M0, â êîòîðîé ïðè
M 6= M0 âûïîëíÿåòñÿ íåðàâåíñòâî

f(M) < f(M0) [f(M) > f(M0)]

Çàäà÷à 7.1. Äàíà ôóíêöèÿ z = x2 + (y − 1)2. Íàéòè å¼ ëîêàëüíûé ýêñòðåìóì.
Âîçüìåì äèôôåðåíöèàë îò èñõîäíîé ôóíêöèè è ïðèðàâíÿåì åãî ê íóëþ:

dz = 2xdx+ 2(y − 1)dy

dz = 0 ⇔
{
x = 0,

y − 1 = 0

Ïîëó÷èì òî÷êó âîçìîæíîãî ýêñòðåìóìà (0; 1).

d2z = 2(dx)2 + 2(dy)2 > 0

⇒ òî÷êà (0; 1) � ìèíèìóì.

Çàäà÷à 7.2. Äàíî óðàâíåíèå x2 + y2 + z2 − 2x + 2y − 4z = 10. Íàéòè ëîêàëüíûé
ýêñòðåìóì, ñ÷èòàÿ z = z(x, y).
Ïîäñòàâèì z = z(x, y) â èñõîäíîå óðàâíåíèå è âîçüìåì ïåðâûé äèôôåðåíöèàë:

xdx+ ydy + zdz − dx+ dy − 2dz = 0

dz =
1

2− z ((x− 1)dx+ (y + 1)dy) = 0

Ýòî âîçìîæíî, êîãäà x = 1, y = −1. Íî åñòü è ëèíèÿ z = 2, êîäà äèôôåðåíöèàë
dz íå ñóùåñòâóåò (âîçìîæåí ýêñòðåìóì).
Âîçüìåì âòîðîé äèôôåðåíöèàë:

(dx)2 + (dy)2 + (dz)2 + zd2z − 2d2z = 0

d2z =
1

2− x
[
(dx)2 + (dy)2 + (dz)2

]
⇒ çíàê d2z çàâèñèò òîëüêî îò çíàêà ìíîæèòåëÿ 1

2−z
Äëÿ òî÷êè (1;−1) ïîëó÷àåì:[

z = 6 ⇒ (1;−1) � ìàêñèìóì

z = −2 ⇒ (1;−1) � ìèíèìóì

×òîáû ðàçîáðàòüñÿ ñ z = 2, ïðåîáðàçóåì èñõîäíîå óðàâíåíèå

(x− 1)2 + (y + 1)2 + (z − 2)2 = 16

Ìû âèäèì, ÷òî ýòî óðàâíåíèå ñôåðû ⇒ z = 2 âûñåêàåò èç ñôåðû îêðóæíîñòü
(Ðèñ. 9.) ⇒ ýêñòðåìóìà íåò
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Ðèñ. 9. Ê çàäà÷å 7.2.

Óñëîâíûé ýêñòðåìóì

Çàäà÷à 7.3. Äàíà ôóíêöèÿ z = xy è óñëîâèå ñâÿçè x + y = 1. Íàéòè óñëîâíûé
ýêñòðåìóì.

x+ y = 1 ⇔ y = 1− x
⇒ z = x(1− x)

z = x− x2

z′ = 1− 2x = 0 ⇒ x =
1

2
, y =

1

2

z′′
∣∣∣∣
( 1
2

; 1
2

)

< 0 ⇒ (0.5; 0.5) � ìèíèìóì

Çàäà÷à 7.4. Äàíà ôóíêöèÿ u = x−2y+ z è óñëîâèå ñâÿçè x2 +y2− z2 = 1. Íàéòè
óñëîâíûé ýêñòðåìóì.
Äèôôåðåíöèðóåì óñëîâèå ñâÿçè, ïîëàãàÿ z = z(x, y)

xdx+ ydy = zdz

dz =
x

z
dx+

y

z
dy

⇒ du = dx− 2dy + dz =
(

1 +
x

z

)
dx+

(y
z
− 2
)
dy1 +

x

z
= 0 ⇒ x = −z

y

z
− 2 = 0 ⇒ y = 2z

Ïîäñòàâèì ýòî â óñëîâèå ñâÿçè

z2 + 4z2 − z2 = 1

⇒ z = ±1

2

Ïîëó÷èì äâå òî÷êè M1(0.5;−1;−0.5) è M2(−0.5; 1; 0.5).

d2z =
1

z
[(dx)2 + (dy)2 − (dz)2z]
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d2z =
1

z
[(dx)2 + (dy)2 − x2

z
(dx)2 − 2

xy

z2
dxdy − y2

z2
(dy)2]

d2z =
1

z

[(
1− x2

z2

)
(dx)2 − 2

xy

z2
dxdy +

(
1− y2

z2

)
(dy)2

]
Â òî÷êàõ M1,2:

d2z =
1

z
[−4dxdy + 3(dy)2]

Ìû ïîëó÷èëè çíàêîïåðåìåííóþ êâàäðàòè÷íóþ ôîðìó ⇒ ýêñòðåìóìîâ íåò.

Ìåòîä Ëàãðàíæà

Çàäà÷à 7.4. Äàíà ôóíêöèÿ u = x+ y + z2 è óñëîâèÿ ñâÿçè z − x = 1, y− xz = 1.
Íàéòè óñëîâíûé ýêñòðåìóì.
Ïîñòðîèì ôóíêöèþ Ëàãðàíæà:

L = u+ λ(z − x) + µ(y − xz)

Ïîñòàâèì äëÿ ýòîé ôóíêöèè çàäà÷ó î áåçóñëîâíîì ýêñòðåìóìå:
dL = 0

z − x = 1

y − xz = 1

Lx = 1− λ− µz = 0

Ly = 1 + µ = 0

Lz = 2z + λ− µx = 0

z − x = 1

y − xz = 1

Íàõîäèì âñå ïÿòü ÷èñåë: x0 = −1, y0 = 1, z0 = 0, λ0 = 1, µ0 = −1. Äàëåå îñòàëîñü
ïðîâåðèòü çíàê âòîðîãî äèôôåðåíöèàëà.
Îòâåò: òî÷êà (−1; 1; 0) � ìèíèìóì.

Çàäà÷à 7.6. Ïðè êàêèõ ðàçìåðàõ îòêðûòàÿ ïðÿìîóãîëüíàÿ âàííà, îáúåìîì 32,
èìååò íàèìåíüøóþ ïîâåðõíîñòü.{

S = xy + 2yz + 2zx,

xyz = 32
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Ñåìèíàð 8

Ëèíåéíûå ïðîñòðàíñòâà

Çàäà÷à 8.1. Äëÿ z = f(x, y) íàéòè zx, zy, zxx, zxy, zyy, åñëè ôóíêöèÿ çàäàíà
íåÿâíî x

z
= ln zy + 1.

Ñ÷èòàÿ z = z(x, y) è äèôôåðåíöèðóÿ, ïîëó÷àåì

zdx− xdz
z2

=
y

z

ydz − zdy
y2

dz =
z

x+ z
dx+

z2

y(x+ z)
dy

⇒ zx =
z

x+ z
, zy =

z2

y(x+ z)

d2z = zxx(dx)2 + 2zxydxdy + zyy(dy)2

(dx+ dz)dz + (x+ z)d2z = dzdx+
2yzdz + z2dy

y2
dy

y2(dz)2 + y2(x+ z)d2z = 2yzdz + z2(dy)2

d2z = − z2

(x+ z)3
(dx)2 + 2

xz2

y(x+ z)2
dxdy − x2z2

y2(x+ z)3
(dy)2

⇒ zxx = − z2

(x+ z)3
, zxy =

xz2

y(x+ z)3
, zyy = − x2z2

y2(x+ z)3

Çàäà÷à 8.2. Îáðàçóåò ëè ïîëå ìíîæåñòâî èððàöèîíàëüíûõ ÷èñåë?
Îòâåò: Íåò.

Çàäà÷à 8.3. Îáðàçóþò ëè ïîëå âñå äðîáè ñî çíàìåíàòåëåì 3?
Îòâåò: Íåò.

Çàäà÷à 8.4. Îáðàçóåò ëè ìíîæåñòâî âåêòîðîâ íà ïëîñêîñòè, íà÷àëî êîòîðûõ â
íà÷àëå ñèñòåìû êîîðäèíàò, à êîíåö â ïåðâîé ÷åòâåðòè, ëèíåéíîå ïðîñòðàíñòâî?
Îòâåò: Íåò.

Çàäà÷à 8.5. Îáðàçóåò ëè ëèíåéíîå ïðîñòðàíñòâî ìíîæåñòâî âñåõ âåêòîðîâ íà
ïëîñêîñòè çà èñêëþ÷åíèåì âåêòîðîâ ïàðàëëåëüíûõ íåêîòîðîé ïðÿìîé.
Îòâåò: Íåò.

Çàäà÷à 8.6. Äàíî ìíîæåñòâî âûðàæåíèé âèäà

a sinx+ b cosx, a, b ∈ K.

Îáðàçóåò ëè îíî ëèíåéíîå ïðîñòðàíñòâî?
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Îòâåò: Äà.

Çàäà÷à 8.7. Ðàññìîòðèì ìíîæåñòâî âñåõ âåêòîðîâ ~x, êîòîðûå óäîâëåòâîðÿþò
óñëîâèþ

(~x, ~x0) = a ( ~x0, a � êîíêðåòíûå)

Áóäåò ëè ýòî ìíîæåñòâî îáðàçîâûâàòü ëèíåéíîå ïðîñòðàíñòâî?

Åñëè a 6= 0, âîçüìåì ëþáûå ~x1, ~x2.

( ~x1 + ~x2, ~x0) = a+ a = 2a

Ò.å. ~x1 + ~x2 óæå íå ïðèíàäëåæèò ëèíåéíîìó ïðîñòðàíñòâó.
Íî åñëè a = 0, ïîëó÷àåì ëèíåéíîå ïðîñòðàíñòâî.

Çàäà÷à 8.8. Ðàññìîòðèì ìíîæåñòâî {XA} ìàòðèö ðàçìåðà n×n, êîììóòèðóþùèõ
ñ íåêîòîðîé ìàòðèöåé A:

XA = AX, ∀X ∈ {XA}
Îáðàçóåò ëè ëèíåéíîå ïîäïðîñòðàíñòâî ìíîæåñòâî {XA} ëèíåéíîãî ïðîñòðàíñòâà
âñåõ äåéñòâèòåëüíûõ ìàòðèö ðàçìåðà n× n?
Íóæíî ïðîâåðèòü äâà ïóíêòà:
1)

X1, X2 ∈ {XA}
A(X1 +X2) = AX1 + AX2 = X1A+X2A = (X1 +X2)A

2)
λ ∈ R, X1 ∈ {XA}

A(λX1) = λ(AX1) = λ(X1A) = (λX1)A

Çàäà÷à 8.9. Äîêàçàòü, ÷òî 1, x, x2 áàçèñ â ïðîñòðàíñòâå P2.

Çàäà÷à 8.10. Ðàññìîòðèì ïðîñòðàíñòâî ñòîëáöîâ T4.

y1 =


1
1
2
1

 , y2 =


1
−1
0
1

 , y3 =


0
0
−1
1

 , y4 =


1
2
2
0


Äîêàçàòü, ÷òî {y1, y2, y3, y4} � áàçèñ. È íàéòè êîîðäèíàòû ýëåìåíòà X = (1, 1, 1, 1)T

â ýòîì áàçèñå.
Ïîñòðîèì ìàòðèöó èç ñòîëáöîâ y1, y2, y3, y4 è ïîêàæåì, ÷òî å¼ ðàíã ðàâåí 4.
1 1 0 1
1 −1 0 2
2 0 −1 2
1 1 1 0

 ∼


1 0 0 0
1 −2 0 1
2 −2 −1 0
1 0 1 −1

 ∼


1 0 0 0
1 1 0 0
2 1 −1 −1
1 0 1 −1

 ∼


1 0 0 0
1 1 0 0
2 1 −1 0
1 0 1 −2


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
1 = λ1 + λ2 + λ4

1 = λ1 − λ2 + 2λ4

1 = 2λ1 − λ3 + 2λ4

1 = λ1 + λ2 + λ3

Îòâåò: (0; 0; 1/2; 3/2).

Çàäà÷à 8.11. Ðàññìîòðèì ïðîñòðàíñòâî T3. Äàíî äâà áàçèñà:

g1 =

1
1
1

 , g2 =

2
1
1

 , g3 =

1
1
3



e1 =

0
1
1

 , e2 =

1
0
1

 , e3 =

1
0
2


Íàéòè:
à) ìàòðèöó ïåðåõîäà îò áàçèñà {e} ê áàçèñó {g}.

á) ìàòðèöó ïåðåõîäà îò áàçèñà {g} ê áàçèñó {e}.

â) êîîðäèíàòû g1 â áàçèñàõ {g} è {e}.

ã) êîîðäèíàòû g3 â áàçèñàõ {g} è {e}.

ä) êîîðäèíàòû e3 â áàçèñå {g}.

e) êîîðäèíàòû z = (2, 3,−1)T â áàçèñàõ {g} è {e}.
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Ñåìèíàð 9

Ìàòðèöû è ñèñòåìû ëèíåéíûõ óðàâíåíèé

Çàäà÷à 9.1 Íàéòè ðàíã è áàçèñíûé ìèíîð ìàòðèöû2 −1 3 −2 4
4 −2 5 2 7
2 −1 1 8 2


2 −1 3 −2 4

4 −2 5 2 7
2 −1 1 8 2

 ∼
1 1 3 −1 4

2 2 5 1 7
1 1 1 4 2

 ∼
1 0 0 0

2 −1 3 −1
1 −2 5 −2

 ∼
1 0 0

2 −1 0
1 −2 −1


Ïîäîáíûå ñòîëáöû ìîæíî ¾âûêèäûâàòü¿, íå èçìåíÿÿ ðàíã èñõîäíîé ìàòðèöû!
À áàçèñíûé ìèíîð äàþò 1-é, 3-é è 4-é ñòîëáöû.

Çàäà÷à 9.2. Ðåøèòü ñèñòåìó óðàâíåíèé(
2 5
1 3

)
X =

(
4 −6
2 1

)

Îòâåò: X =

(
2 −23
0 8

)
.

Çàäà÷à 9.3. Ðåøèòü ñèñòåìó óðàâíåíèé1 2 3
0 2 1
0 1 1

X =

2
3
0



Îòâåò: X =

 5
3
−3

.
Çàäà÷à 9.4. Äàíà ñèñòåìà íåîäíîðîäíûõ óðàâíåíèé ñ ÷åòûðüìÿ íåèçâåñòíûìè

x1 − 2x2 + x3 + x4 = 1

x1 − 2x2 + x3 − x4 = −1

x1 − 2x2 + x3 + 5x4 = 5

Íàéòè îáùåå ðåøåíèå.
rang A = 2, 4− 2 = 2 ⇒ ÔÑÐ ñîñòîèò òîëüêî èç äâóõ ðåøåíèé.

Îòâåò: X =


0
0
0
1

+ C1


−1
0
1
0

+ C2


2
1
0
0

 , C1, C2 ∈ K.
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Çàäà÷à 9.5. Äàíà ñèñòåìà íåîäíîðîäíûõ óðàâíåíèé ñ ÷åòûðüìÿ íåèçâåñòíûìè
2x1 − x2 + x3 + x4 = 1

x1 + 2x2 − x3 + 4x4 = 2

x1 + 7x2 − 4x3 + 11x4 = λ

Ïðè êàêèõ çíà÷åíèÿõ ïåðåìåííîé λ ñèñòåìà ñîâìåñòíà.
Ïî òåîðåìå Êðîíåêåðà-Êàïåëëè:

Ñèñòåìà ñîâìåñòíà ⇐⇒ rang A = rang A∗

A∗ =

2 −1 1 1 1
1 2 −1 4 2
1 7 −4 11 λ

 ∼
1 2 −1 4 2

0 −5 3 −7 −3
0 5 −3 7 λ− 2

 ∼
1 2 −1 4 2

0 −5 3 −7 −3
0 0 0 0 λ− 5


Îòâåò: λ = 5.

Çàäà÷à 9.6. Äàíî x + y + z + u = 0. Ïîñòðîèòü íîðìàëüíóþ ôóíäàìåíòàëüíóþ
ñîâîêóïíîñòü ðåøåíèé.
Ïîäñêàçêà: Ñèñòåìà óðàâíåíèé ìîæåò ñîñòîÿòü èç îäíîãî óðàâíåíèÿ!

Îòâåò: e1 =


−1
1
0
0

 , e2 =


−1
0
1
0

 , e3 =


−1
0
0
1

.
Çàäà÷à 9.7. Äàíà ñèñòåìà óðàâíåíèé

x1 + x2 + x3 + x4 + x5 = 0

3x1 + 2x2 + x3 + x4 − 3x5 = 0

x2 + 2x3 + 2x4 + 6x5 = 0

5x1 + 4x2 + 3x3 + 3x4 − x5 = 0

Ïîñòðîèòü îáùåå ðåøåíèå äàííîé ñèñòåìû.

Îòâåò: C1


1
−2
1
0
0

 + C2


1
−2
0
1
0

 + C3


5
−6
0
0
1

 , C1, C2, C3 ∈ K.
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Ñåìèíàð 10

Äâîéíîé èíòåãðàë

Çàïèñü äâîéíîãî èíòåãðàëà: ∫∫
g

f(x, y)dxdy,

ãäå g � îáëàñòü èíòåãðèðîâàíèÿ, Ðèñ. 10. (îáÿçàòåëüíûå óñëîâèÿ: îãðàíè÷åííàÿ,
çàìêíóòàÿ è êàæäàÿ ïðÿìàÿ x = l, a < l < b, ïåðåñåêàåò ãðàíèöó îáëàñòè íå
áîëåå, ÷åì â äâóõ òî÷êàõ y1(x) ≤ y2(x)), f(x, y) ãàðàíòèðóåò ñóùåñòâîâàíèå äâîéíîãî

èíòåãðàëà è äëÿ âñåõ x ∈ (a, b) ñóùåñòâóåò
∫ y2(x)

y1(x)
f(x, y)dy.

Ðèñ. 10. Îáëàñòü èíòåãðèðîâàíèÿ g

Òîãäà ñïðàâåäëèâà ôîðìóëà:

∫∫
g

f(x, y)dxdy =

b∫
a

dx

y2(x)∫
y1(x)

f(x, y)dy (1)

Ëèáî â çàâèñèìîñòè îò îáëàñòè (Ðèñ. 11.):

∫∫
g

f(x, y)dxdy =

d∫
c

dy

x2(y)∫
x1(y)

f(x, y)dx (2)

Çàìå÷àíèå 1. Èíîãäà â ôèçèêå ìû ïîëó÷àåì èíòåãðàëû âèäà

b∫
a

dx

ψ(x)∫
φ(x)

f(x, y)dy
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Ðèñ. 11. Îáëàñòü èíòåãðèðîâàíèÿ g

Âîçíèêàåò âîïðîñ ìîæíî ëè ñâåñòè èõ ê äâîéíîìó èíòåãðàëó? Ìîæíî, åñëè âûïîëíÿþòñÿ
òðåáîâàíèÿ b ≥ a, ψ(x) ≥ φ(x). Òîãäà

b∫
a

dx

ψ(x)∫
φ(x)

f(x, y)dy =

∫∫
g

f(x, y)dxdy

Çàìå÷àíèå 2. Êàê ïåðåñòàâèòü èíòåãðàëû â ïîâòîðíîì èíòåãðàëå?∫
dx

∫
... dy →

∫∫
g

... dxdy →
∫
dy

∫
... dx,

ò. å. ñíà÷àëà íóæíî ïåðåéòè ê äâîéíîìó èíòåãðàëó, à ïîòîì ê íîâîìó ïîâòîðíîìó.

Çàìå÷àíèå 3.×òîáû ñâåñòè äâîéíîé èíòåãðàë ê ïîâòîðíîìó, îáëàñòü èíòåãðèðîâàíèÿ
ìîæíî ðàçáèâàòü óäîáíûì îáðàçîì (Ðèñ. 12.).

Ðèñ. 12. Ê çàìå÷àíèþ 3.

Çàìå÷àíèå 4. Îáëàñòü, îãðàíè÷åííàÿ ÷åòûðüìÿ êðèâûìè (Ðèñ. 13.).
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Ðèñ. 13. Ê çàìå÷àíèþ 4.

Çàäà÷à 10.1. Çàäàíà îáëàñòü g â âèäå òðåóãîëüíèêà AOB, êîîðäèíàòû âåðøèí:
A(1; 0), O(0; 0), B(1; 1). Çàïèñàòü ïîâòîðíûå èíòåãðàëû âèäà (1) è (2) äëÿ ôóíêöèè
f(x, y).

J1 =

1∫
0

dx

x∫
0

f(x, y)dy

J2 =

1∫
0

dy

1∫
y

f(x, y)dx

Ðèñ. 14. Ê Çàäà÷à 10.1.

Çàäà÷à 10.2. Çàäàíà îáëàñòü g : x2 + y2 ≤ y. Çàïèñàòü ïîâòîðíûå èíòåãðàëû
âèäà (1) è (2) äëÿ ôóíêöèè f(x, y).

x2 + y2 ≤ y ⇔ x2 +

(
y − 1

2

)2

≤ 1

4

Òîãäà îáëàñòü g � ýòî ïðîñòî êðóã, Ðèñ. 15.

J1 =

1
2∫

− 1
2

dx

√
1
4
−x2+ 1

2∫
−
√

1
4
−x2+ 1

2

f(x, y)dy
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g

y

x

g

1
2

1
2

Ðèñ. 15. Ê çàäà÷å 10.2.

J2 =

1∫
0

dy

√
y−y2∫

−
√
y−y2

f(x, y)dx

Çàäà÷à 10.3. Çàäàíà îáëàñòü g : 1 ≤ x2 +y2 ≤ 4. Çàïèñàòü ïîâòîðíûå èíòåãðàëû
âèäà (1) è (2) äëÿ ôóíêöèè f(x, y).
1) Ðàçîáüåì èñõîäíûé èíòåãðàë íà ÷åòûðå ÷àñòè (Ðèñ. 16.):∫∫

g

f(x, y)dxdy = I1 + I2 + I3 + I4

y

xO

g2

g4g1

g3

Ðèñ. 16. Ê çàäà÷å 10.3.
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I1 =

−1∫
−2

dx

√
4−x2∫

−
√

4−x2

f(x, y)dy

I2 =

1∫
−1

dx

√
4−x2∫

√
1−x2

f(x, y)dy

I3 =

1∫
−1

dx

−
√

1−x2∫
−
√

4−x2

f(x, y)dy

I4 =

2∫
1

dx

√
4−x2∫

−
√

1−x2

f(x, y)dy

2) Ðàçîáüåì èñõîäíûé èíòåãðàë íà ÷åòûðå ÷àñòè äðóãèì ñïîñîáîì(Ðèñ. 17.):

y

xO

g2

g4g1

g3

Ðèñ. 17. Ê çàäà÷å 10.3.

I1 =

1∫
−1

dy

√
4−y2∫

√
1−y2

f(x, y)dx

I2 =

2∫
1

dy

√
4−y2∫

−
√

4−y2

f(x, y)dx
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I3 =

−2∫
−1

dy

√
4−y2∫

−
√

4−y2

f(x, y)dx

I4 =

1∫
−1

dy

−
√

1−y2∫
−
√

4−y2

f(x, y)dx

Çàäà÷à 10.4. Äàí ïîâòîðíûé èíòåãðàë

I =

2∫
0

dx

2x∫
x

f(x, y)dy.

Íåîáõîäèìî ïîìåíÿòü ïðåäåëû èíòåãðèðîâàíèÿ.
Ïîêàæåì îáëàñòü èíòåãðèðîâàíèÿ g, Ðèñ. 18.

g2

y

x

2

4

y = 2x
y = x

Ðèñ. 18. Ê çàäà÷å 10.4.

Îòâåò:
2∫
0

dy
y∫

y/2

f(x, y)dx+
4∫
2

dy
2∫

y/2

f(x, y)dx.

Çàäà÷à 10.5. Äàí ïîâòîðíûé èíòåãðàë

I =

1∫
−1

dx

1−x2∫
−
√

1−x2

f(x, y)dy

Íåîáõîäèìî ïîìåíÿòü ïðåäåëû èíòåãðèðîâàíèÿ.
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g

y

x

Ðèñ. 19. Ê çàäà÷å 10.5.

Ïîêàæåì îáëàñòü èíòåãðèðîâàíèÿ g, Ðèñ. 19.

I =

0∫
−1

dy

√
1−y2∫

−
√

1−y2

f(x, y)dx+

1∫
0

dy

√
1−y∫

−
√

1−y

f(x, y)dx

Çàäà÷à 10.6. Äàí ïîâòîðíûé èíòåãðàë

I =

2π∫
0

dx

sinx∫
0

f(x, y)dy

Íåîáõîäèìî ïîìåíÿòü ïðåäåëû èíòåãðèðîâàíèÿ.

Îòâåò:
1∫
0

dy
arcsin y∫

π−arcsin y

f(x, y)dx−
0∫
−1

dy
π−arcsin y∫

2π+arcsin y

f(x, y)dy.

Çàäà÷à 10.7. Âû÷èñëèòü äâîéíîé èíòåãðàë∫∫
g

(2a− x)−1/2dxdy, a > 0,

åñëè g � îáëàñòü, îãðàíè÷åííàÿ êðàò÷àéøåé äóãîé îêðóæíîñòè ñ öåíòðîì â
òî÷êå (a; a) è ðàäèóñà a, êàñàþùåéñÿ îñåé êîîðäèíàò (Ðèñ. 20.)

a∫
0

dx

−
√

2xa−x2+a∫
0

(2a− x)−1/2dy =

a∫
0

(a−
√

2xa− x2)(2a− x)−1/2dx =
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y

xa

a

g
O

Ðèñ. 20. Ê çàäà÷å 10.7.

=

a∫
0

(
a√

2a− x −
√
x

)
dx =

a∫
0

a√
2a− xdx−

a∫
0

√
xdx = −2a

√
2a− x

∣∣∣∣a
0

− x3/2

3/2

∣∣∣∣a
0

=

= a3/2

(
2
√

2− 8

3

)
Îòâåò: a3/2

(
2
√

2− 8
3

)
.
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Ñåìèíàð 11

Çàìåíà ïåðåìåííûõ ïîä çíàêîì äâîéíîãî èíòåãðàëà

Ïóñòü ó íàñ åñòü äâîéíîé èíòåãðàë ïî íåêîòîðîé îáëàñòè g îò ôóíêöèè â ïåðåìåííûõ
x è y ∫∫

g

f(x, y)dxdy

Ìû õîòèì ïåðåéòè ê íîâûì ïåðåìåííûì ξ è η, èñïîëüçóÿ ïðåîáðàçîâàíèå
(Ðèñ. 21.):

x = φ(ξ, η)

y = ψ(ξ, η)

(ξ, η) ∈ g∗

x

y

g

ξ

η

g∗

Ðèñ. 21.

Ñóùåñòâóþò îïðåäåë¼ííûå òðåáîâàíèÿ:
1) Ýòî ïðåîáðàçîâàíèå ïåðåâîäèò îáëàñòü g â g∗.

2) Ýòî ïðåîáðàçîâàíèå âçàèìíî îäíîçíà÷íîå.

3) Ôóíêöèè φ è ψ â g∗ èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.

4) ßêîáèàí ïåðåõîäà íå ðàâåí íóëþ â îáëàñòè g∗, çà èñêëþ÷åíèåì êàêèõ-òî îòäåëüíûõ
ëèíèé (îáëàñòåé íóëåâîé ïëîùàäè)

D(x, y)

D(ξ, η)
6= 0.

Åñëè ýòî âñ¼ âûïîëíåíî, ñïðàâåäëèâà ôîðìóëà∫∫
g

f(x, y)dxdy =

∫∫
g∗

f(φ(ξ, η), ψ(ξ, η))

∣∣∣∣D(x, y)

D(ξ, η)

∣∣∣∣ dξdη
∣∣∣∣D(x, y)

D(ξ, η)

∣∣∣∣ � êîýôôèöèåíò äåôîðìàöèè ýëåìåíòàðíîé ïëîùàäêè.
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Ðàññìîòðèì ÷àñòíûé ñëó÷àé ïåðåõîäà ê ïîëÿðíûì êîîðäèíàòàì{
x = ρ cosφ,

y = ρ sinφ
ßêîáèàí ïåðåõîäà J = ρ.

×òîáû îòîáðàæåíèå áûëî âçàèìíî îäíîçíà÷íûì íåîáõîäèìî âûïîëíåíèå äâóõ
óñëîâèé:
1) ρ ≥ 0

2) φ ∈ [0; 2π) èëè φ ∈ (−π; π]

ρ1
ρ2

ρ

φ2(ρ)

φ1(ρ)gg

Ðèñ. 22. Ñëó÷àé À.

ρ1(φ)
ρ2(φ)

φ2

φ1

φ

g

Ðèñ. 23. Ñëó÷àé B.

Ñëó÷àé À.
ρ2∫
ρ1

ρdρ

φ2(ρ)∫
φ1(ρ)

f(...)dφ

Ñëó÷àé B.
φ2∫
φ1

dφ

ρ2(φ)∫
ρ1(φ)

f(...)ρdρ
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Çàäà÷à 11.1. Ïóñòü äàí äâîéíîé èíòåãðàë I =
∫∫
g

f(x, y)dxdy,

g : x2 + y2 ≤ ax (a > 0). Íåîáõîäèìî ñîâåðøèòü ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì
x, y → ρ, φ è çàïèñàòü èñõîäíûé èíòåãðàë â âèäå ïîâòîðíîãî äâóìÿ ñïîñîáàìè.

ρ2 = aρ cosφ ⇔
{
ρ = 0

ρ = a cosφ

g∗

−π
2

π
2

ρ

φ

Ðèñ. 24. Ê çàäà÷å 11.1.

I =

π
2∫

−π
2

dφ

a cosφ∫
0

f(ρ cosφ, ρ sinφ)ρdρ

Ëèáî

I =

a∫
0

ρdρ

arccos ρ
a∫

− arccos ρ
a

f(ρ cosφ, ρ sinφ)dφ

Çàäà÷à 11.2. Äàí äâîéíîé èíòåãðàë I =
∫∫
g

f(x, y)dxdy. Íåîáõîäèìî ñîâåðøèòü

ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì x, y → ρ, φ, åñëè

g =

{
0 ≤ x ≤ 1,

0 ≤ y ≤ 1− x,

è çàïèñàòü èñõîäíûé èíòåãðàë â âèäå ïîâòîðíîãî äâóìÿ ñïîñîáàìè.

ρ sinφ = 1− ρ cosφ ⇒ ρ =
1

sinφ+ cosφ

I =

π
2∫

0

dφ

1
cosφ+sinφ∫

0

f(ρ cosφ, ρ sinφ)ρdρ
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g∗

1

1

y

x

Ðèñ. 25. Ê çàäà÷å 11.2.

Ëèáî

I =

1∫
1√
2

ρdρ


arcsin 1√

2ρ
−π

4∫
0

f(...) +

π
2∫

π−π
4

+arcsin 1√
2ρ

f(...)dφ

+

1√
2∫

0

ρdρ

π
2∫

0

f(...)dφ

1

1

y

x

g2

g1

g3

Ðèñ. 26. Ê çàäà÷å 11.2.

Çàäà÷à 11.3. Äàí äâîéíîé èíòåãðàë I =
∫∫
g

f(x, y)dxdy. Íåîáõîäèìî ñîâåðøèòü

ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì x, y → ρ, φ, åñëè

g =


−a ≤ x ≤ a,

x2

a
≤ y ≤ a,

è çàïèñàòü èñõîäíûé èíòåãðàë â âèäå ïîâòîðíîãî äâóìÿ ñïîñîáàìè.

ρ2 cos2 φ

a
= ρ sinφ

ρ =
a sinφ

cos2 φ
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g2

g1 g3

−a a

y

x

a

Ðèñ. 27. Ê çàäà÷å 11.3.

I =

π
4∫

0

dφ

a sinφ

cos2 φ∫
0

f(...)ρdρ+

3π
4∫

π
4

dφ

a
sinφ∫
0

f(...)ρdρ+

π∫
3π
4

dφ

a sinφ

cos2 φ∫
0

f(...)ρdρ

Çàäà÷à 11.4.Äàí ïîâòîðíûé èíòåãðàë I =
1∫
0

dx
x2∫
0

f(x, y)dy. Íåîáõîäèìî ñîâåðøèòü

ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì x, y → ρ, φ.

I =

π
4∫

0

dφ

1
cosφ∫

sinφ

cos2 φ

f(ρ cosφ, ρ sinφ)ρdρ

π
4

1

y

x
g

Ðèñ. 28. Ê çàäà÷å 11.4.

Ëèáî

I =

1∫
0

ρdρ

arcsin −1+
√

1+4ρ2

2ρ∫
0

f(...)dφ+

√
2∫

0

ρdρ

arcsin −1+
√

1+4ρ2

2ρ∫
arccos 1

ρ

f(...)dφ
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1

y

x
g1

g2

Ðèñ. 29. Ê çàäà÷å 11.4.
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Ñåìèíàð 12

Ïðèëîæåíèÿ äâîéíîãî èíòåãðàëà

Ðàññìîòðèì îáëàñòü g, îãðàíè÷åííóþ êðèâîé (x2 + y2)2 = a2(x2 − y2). Î÷åâèäíî,
åñëè òî÷êà (x, y) ïðèíàäëåæèò îãðàíè÷èâàþùåé êðèâîé, òî è òî÷êè (−x, y), (x,−y),
(−x,−y) òàêæå åé ïðèíàäëåæàò. Íàáëþäàåòñÿ ñèììåòðèÿ! Äàëåå îïðåäåëèì òî÷êè
ïåðåñå÷åíèÿ êðèâîé ñ îñüþ Ox:

x4 = a2x2 ⇒

 x = a

x = −a
x = 0

Ïîëó÷àåì ïðèìåðíûé âèä îáëàñòè g, Ðèñ. 30.

−a a x

y
π
4

Ðèñ. 30.

ρ = a
√

cos 2φ

cos 2φ ≥ 0

−π
4
≤ φ ≤ π

4

ρ x

y

1
2

arccos ρ2

a2

−1
2

arccos ρ2

a2

Ðèñ. 31.

ρ2 = a2 cos 2φ
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φ = ±1

2
arccos

ρ2

a2

Çàäà÷à 12.1. Äàí ïîâòîðíûé èíòåãðàë

I =

2∫
0

dx

2−x∫
1−x

f(x, y)dy.

Íóæíî îñóùåñòâèòü çàìåíó ïåðåìåííûõ{
u = x+ y,

v = x− y.

x

y

1 2

1

2

u

v

1 2

3

g g∗

Ðèñ. 32.

Íà Ðèñ. 32. ïîêàçàíî ïðåîáðàçîâàíèå îáëàñòè èíòåãðèðîâàíèÿ.

I =
1

2

2∫
1

du

4−u∫
−u

f

(
u+ v

2
,
u− v

2

)
dv

Çàäà÷à 12.2. Âû÷èñëèòü äâîéíîé èíòåãðàë

I =

∫∫
g

√
1− x2

a2
− y2

b2
dxdy,

åñëè îáëàñòü g : x2

a2
+ y2

b2
≤ 1.

Ïîäñêàçêà: Èñïîëüçîâàòü ïðåîáðàçîâàíèå{
x = aρ cosφ,

y = bρ sinφ

Îòâåò: π.

48

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 2 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
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Çàäà÷à 12.3. Íàéòè ïëîùàäü îáëàñòè g:xy = a2,

x+ y =
5

2
a

(a > 0).

Ðåøèì èñõîäíóþ ñèñòåìó óðàâíåíèé

y =
a2

x
⇒ x+

a2

x
=

5

2
a ⇒ x =

a

2
è x = 2a

Òîãäà

S =

∫∫
g

dxdy =

2a∫
a
2

dx

5
2
a−x∫
a2

x

dy =

2a∫
a
2

dx

(
5

2
a− x− a2

x

)
=

(
15

8
− ln 4

)
a2

Çàäà÷à 12.4. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè{
(x2 + y2)2 = 2a2(x2 − y2),

x2 + y2 ≥ a2

Îáëàñòü ÿâëÿåòñÿ ñèììåòðè÷íîé, ïîýòîìó ìîæíî âû÷èñëèòü äâîéíîé èíòåãðàë
òîëüêî ïî îäíîé ÷åòâåðòèíêå, Ðèñ. 33.

x

y

g1M

Ðèñ. 33. Ê çàäà÷å 12.4.

Äëÿ òî÷êè M : a = a
√

2 cos 2φ ⇒ φM = π
6
.

S = 4S1 = 4

∫∫
g1

dxdy = 4

π
6∫

0

dφ

a
√

cos 2φ∫
a

ρdρ = a2(
√

3− π

3
)
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Çàäà÷à 12.5. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè
xy = a2,

xy = 2a2,

y = x,

y = 2x

ïðè óñëîâèè: x > 0, y > 0.
Ñîâåðøèì ïðåîáðàçîâàíèå ê íîâûì ïåðåìåííûìx =

√
u

v
,

y =
√
uv

Òîãäà ãðàíèöû ïðèìóò âèä 
u = a2,

u = 2a2,

v = 1,

v = 2

S =

∫∫
g

dxdy =

∫∫
g∗

1

2v
dudv =

1

2

2a2∫
2

du

2∫
1

dv

v
=
a2

a
ln 2

Îïðåäåëåíèå. Öèëèíäðîèä � òåëî, îãðàíè÷åííîå ñâåðõó íåêîé ïîâåðõíîñòüþ
z = f(x, y), ñíèçó ïëîñêîñòüþ z = 0 è ñ áîêîâ ïðÿìîé öèëèíäðè÷åñêîé ïîâåðõíîñòü.

Ôîðìóëà äëÿ îáúåìà öèëèíäðîèäà:

V =

∫∫
g

f(x, y)dxdy

Çàäà÷à 12.6. Íàéòè îáú¼ì öèëèíäðîèäà
z = e−x

2−y2 ,

z = 0,

x2 + y2 = R2.

Äëÿ ðåøåíèÿ íåîáõîäèìî ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì:

V =

2π∫
0

dφ

R∫
0

e−ρ
2

ρdρ = π
(

1− e−R2
)
.
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Ìàññà ïëîñêîé ïëàñòèíêè ñ ïåðåìåííîé ïëîòíîñòüþ ρ(x, y):

m =

∫∫
g

ρ(x, y)dxdy

Öåíòð ìàññ ïëîñêîé ôèãóðû:

x0 =
My

m
, My =

∫∫
g

ρ(x, y)dxdy

y0 =
Mx

m
, Mx =

∫∫
g

ρ(x, y)dxdy

Ìîìåíò èíåðöèè:

Iy =

∫∫
g

ρ(x, y)x2dxdy

Ix =

∫∫
g

ρ(x, y)y2dxdy

Çàäà÷à 12.7.Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè îäíîðîäíîé ïëàñòèíêè, îãðàíè÷åííîé
êðèâûìè {

ay = x2,

2 + y = 2a (a > 0)

ïðè óñëîâèè: ρ(x, y) = ρ0.

m = ρ0

a∫
−2a

dx

2a−x∫
x2

a

dy

m =
9

2
a2ρ0

My = ρ0

a∫
−2a

xdx

2a−x∫
x2

a

dy = −2.25a3

⇒ x0 = −1

2
a
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x

y

−2a a

Ðèñ. 34. Ê çàäà÷å 12.7.

Àíàëîãè÷íî y0.

Çàäà÷à 12.8.Íàéòè ìîìåíòû èíåðöèè Ix, Iy îäíîðîäíîé ïëàñòèíêè, îãðàíè÷åííîé
êðèâûìè 

(x− a)2 + (y − a)2 = a2,

x = 0, y = 0,

0 ≤ x ≤ a,

ïðè óñëîâèè: ρ(x, y) = 1.
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Ñåìèíàð 13

Òðîéíîé èíòåãðàë

Çàäà÷à 13.1. Âû÷èñëèòü òðîéíîé èíòåãðàë

I =

∫∫∫
V

xy2z3dxdydz.

Åñëè óðàâíåíèÿ ãðàíèö îáëàñòè V 
z = xy,

y = x,

x = 1,

z = 0.

Áóäåì èñïîëüçîâàòü ðàáî÷óþ ôîðìóëó:

∫∫∫
V

f(x, y, z)dxdydz =

∫∫
g

dxdy

z2(x,y)∫
z1(x,y)

f(x, y, z)dz

1

1 x

y

g

Ðèñ. 35. Ê çàäà÷å 13.1.

I =

∫∫
g

xy2dxdy

xy∫
0

z3dz =
1

4

∫∫
g

x5y6dxdy =
1

4

1∫
0

x5dx

x∫
0

y6dy =
1

364

Îòâåò: 1/364.

Çàäà÷à 13.2. Âû÷èñëèòü òðîéíîé èíòåãðàë

I =

∫∫∫
V

xyzdxdydz.
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Åñëè òåëî V çàäàíî ñèñòåìîé {
x2 + y2 + z2 = 1,

x ≥ 0, y ≥ 0, z ≥ 0.

1

1

x

y

z

1

V

Ðèñ. 36. Ê çàäà÷å 13.2.

I =

1∫
0

xdx

√
1−x2∫
0

ydy

√
1−x2−y2∫

0

zdz =
1

2

1∫
0

xdx

√
1−x2∫
0

(1− x2 − y2)ydy =

=
1

8

1∫
0

x(1− x2)2dx =
1

48

Îòâåò: 1/48.

Çàäà÷à 13.3. Äàí ïîâòîðíûé èíòåãðàë

I =

1∫
0

dx

1−x∫
0

dy

x+y∫
0

f(x, y, z)dz.

Íåîáõîäèìî ðàçëè÷íûìè ñïîñîáàìè ïîìåíÿòü ïîðÿäîê èíòåãðèðîâàíèÿ.

I =

1∫
0

dy

1−y∫
0

dx

x+y∫
0

f(x, y, z)dz

I =

1∫
0

dy


y∫

0

dz

1−y∫
0

f(x, y, z)dx+

1∫
y

dz

1−y∫
z−y

f(x, y, z)dx


è ò. ä.
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1

1

x

y g

z

1

1

y

x

Ðèñ. 37. Ê çàäà÷å 13.3.

Çàäà÷à 13.4. Äàí ïîâòîðíûé èíòåãðàë

I =

1∫
0

dx

1∫
0

dy

x2+y2∫
0

f(x, y, z)dz.

Íåîáõîäèìî èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ.

1

1

x

y

g2

z

y

z
1

1

g1

Ðèñ. 38. Ê çàäà÷å 13.4.

I =

1∫
0

dy


y2∫

0

dz

1∫
0

f(x, y, z)dx+

2y2∫
y2

dz

1∫
√
z−y2

f(x, y, z)dx


Ñôåðè÷åñêèå êîîðäèíàòû


x = r cosφ sin θ,

y = r sinφ sin θ,

z = r cos θ
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Óñëîâèÿ:

r ≥ 0, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π

Êîýôôèöèåíò äåôîðìàöèè:∣∣∣∣D(x, y, z)

D(r, θ, φ)

∣∣∣∣ = |r2 sin θ|

Êîîðäèíàòíûå ïîâåðõíîñòè:

r = const � ñôåðû

φ = const � ïîëóïëîñêîñòü

θ = const � êîíè÷åñêàÿ ïîâåðõíîñòü

Ïðîêîëû: {
φ = const

θ = const
� ëó÷

{
φ = const

r = const
� ïîëóîêðóæíîñòü

{
θ = const

r = const
� îêðóæíîñòü

Îáîáùåííûå ñôåðè÷åñêèå êîîðäèíàòû


x = ar cosk φ sinm θ,

y = br sink φ sinm θ,

z = cr cosm θ

Êîýôôèöèåíò äåôîðìàöèè:∣∣∣∣D(x, y, z)

D(r, θ, φ)

∣∣∣∣ = |abcmk cosk−1 φ sink−1 φ sin2m−1 θ cosm−1 θ|
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Ñåìèíàð 14

Ïðèëîæåíèÿ òðîéíîãî èíòåãðàëà

Çàäà÷à 14.1. Âû÷èñëèòü òðîéíîé èíòåãðàë

I =

∫∫∫
V

f(
√
x2 + y2 + z2)dxdydz.

Åñëè óðàâíåíèÿ ãðàíèö îáëàñòè V 

z = x2 + y2,

x = y,

x = 1,

y = 0,

z = 0.

B(1; 0; 1)

x

y

z

1

V

C(1; 1; 2)

Ðèñ. 39. Ê çàäà÷å 14.1.

Íåîáõîäèìî ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì.

z = x2 + y2, r =
cos θ

sin2 θ

x = y, cosφ = sinφ, φ =
π

4

x = 1, r cos θ = 0, θ =
π

2
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Äóãà BC : cos θ
sin2 θ

= 1
cosφ sin θ

⇒ ctg θ = 1
cosφ

.

θ = arcctg

(
1

cosφ

)

I =

π
4∫

0

dφ

π
2∫

arcctg( 1
cosφ)

sin θdθ

1
cosφ sin θ∫
cos θ
sin2 θ

f(r)r2dr

Çàäà÷à 14.2. Âû÷èñëèòü òðîéíîé èíòåãðàë:

I =

∫∫∫
V

(x2 + y2)dxdydz.

Åñëè òåëî V îãðàíè÷åíî ïîâåðõíîñòÿìè:{
x2 + y2 = 2z,

z = 2.

x

y

z

V

2

Ðèñ. 40. Ê çàäà÷å 14.2.

Ïåðåéäåì ê öèëèíäðè÷åñêèì êîîðäèíàòàì:
x = ρ cosφ,

y = ρ sinφ,

z = h.

ρ2 = 2h, h = 2, |J | = ρ
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φ

ρ

h
ρ

φ0 2π

2

V

Ðèñ. 41. Ê çàäà÷å 14.2.

I =

2π∫
0

dφ

2∫
0

ρ2ρdρ

2∫
ρ2

2

dh = 2π

2∫
0

ρ2dρ

2∫
ρ2

2

dz = 2π

2∫
0

(
2− ρ2

2

)
ρ2dρ =

= 2π

2∫
0

(
2ρ3 − ρ5

2

)
dρ = 2π

(
2ρ4

4
− ρ6

12

) ∣∣∣∣2
0

=
16

3
π

Îòâåò: 16π
3
.

Çàäà÷à 14.3. Íàéòè ìàññó òåëó, äëÿ êîòîðîãî ρ(x) = 8x. À ãðàíèöû òåëà çàäàíû
êàê 

x2 = 4z,

y2 = 4x,

x = 1,

z = 0.

x

y

z

V

Ðèñ. 42. Ê çàäà÷å 14.3.
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m = 8

∫∫∫
V

xdxdydz = 8

2∫
−2

dy

1∫
y2

4

xdx

x2

4∫
0

dz =
16

9
.

Îòâåò: 16/9.

Çàäà÷à 14.4. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ

(x2 + y2 + z2)2 = a2(x2 + y2 − z2).

Ïîäñêàçêà: Ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì.
Îòâåò: π2a3

4
√

2
.

Çàäà÷à 14.5. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ(
x2

a2
+
y2

b2
+
z2

c2

)2

=
x2

a2
+
y2

b2
.

Âîñïîëüçóåìñÿ îáîáùåííûìè ñôåðè÷åñêèìè êîîðäèíàòàìè:
x = ar cosφ sin θ,

y = br sinφ sin θ,

z = cr cos θ

φ

θ

r

V
π

2π

Ðèñ. 43. Ê çàäà÷å 14.5.

J = abcr2 sin θ

I = abc

2π∫
0

dφ

π∫
0

sin θdθ

sin θ∫
0

r2dr

Îòâåò: abc
4
π2.
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Ñåìèíàð 15

Çàäà÷à 15.1.Íàéòè ìîìåíò èíåðöèè îòíîñèòåëüíî îñèOz òåëà åäèíè÷íîé ïëîòíîñòè
(x2 + y2 + z2)3 = a5z.

Jz =

∫∫∫
(x2 + y2)dxdydz

Íåîáõîäèìî ïåðåéòè ê ñôåðè÷åñêèì êîîðäèíàòàì

x, y, z → r, φ, θ
x = r cosφ sin θ,

y = r sinφ sin θ,

z = r cos θ

⇒ r5 = a5 cos θ

Jz = 2

2π∫
0

dφ

π
2∫

0

dθ

a
5√

cos θ∫
0

r2 sin2 θr2 sin θdr

Îòâåò: πa5

5
.

Êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà

∫
L

f(x, y, z)dl

Òðåáóåòñÿ, ÷òîáû êðèâàÿ L áûëà çàäàíà ïàðàìåòðè÷åñêè
x = x(t),

y = y(t),

z = z(t)

α ≤ t ≤ β

×òîáû íà êðèâîé L ôóíêöèè x(t), y(t), z(t) áûëè äèôôåðåíöèðóåìû.
À ïîäûíòåãðàëüíàÿ ôóíêöèÿ áûëà îïðåäåëåíà è íåïðåðûâíà äëÿ âñåõ òî÷åê
êðèâîé L.
Òîãäà ñïðàâåäëèâà ôîðìóëà:

∫
L

f(x, y, z)dl =

β∫
α

f(x(t), y(t), z(t))
√
ẋ2 + ẏ2 + ż2dt

Çàäà÷à 15.2. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë
∫
L

y2dl. Åñëè êðèâàÿ L çàäàíà

ïàðàìåòðè÷åñêè {
x = a(t− sin t),

y = a(1− cos t)
0 ≤ t ≤ 2π
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I =

∫
L

y2dl =

2π∫
0

a2(1− cos t)2
√

(a− cos t)2 + sin2 tdt =

= a2

2π∫
0

(sin2 t− 2 cos t)
√

1 + a2 − 2a cos tdt = ...

Îòâåò: 256
15
a3.

Çàäà÷à 15.3. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë
∫
L

e
√
x2+y2dl. Åñëè êðèâàÿ L

� êîíòóð, çàäàííûé êðèâûìè

ρ = a, φ = 0, φ =
π

4

Âèäíî, ÷òî

x

y

O

L1

L2L3

Ðèñ. 44. Ê çàäà÷å 15.3.

∫
L

e
√
x2+y2dl =

∫
L1

e
√
x2+y2dl +

∫
L2

e
√
x2+y2dl +

∫
L3

e
√
x2+y2dl

L1 :

{
x = t,

y = 0
, dl = dt

a∫
0

etdt = ea − 1

L2 :

{
x = a cos t,

y = a sin t
, dl = adt

π
4∫

0

aeadt = aea
π

4
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L3 :

{
x = t,

y = t
, dl =

√
2dt

a√
2∫

0

e
√

2t
√

2dt = ea − 1

Îòâåò:
(
2 + aπ

4

)
ea − 2.

Çàäà÷à 15.4. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë
∫
L

√
x2 + y2dl. Åñëè êðèâàÿ L

çàäàíà óðàâíåíèåì
x2 + y2 = ax

Ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì{
x = ρ cosφ,

y = ρ sinφ

ρ2 = aρ cosφ

ρ = a cosφ ⇒ φ ∈ [−π
2

;
π

2
]

I =

∫
L

√
x2 + y2dl =

π
2∫

−π
2

ρ

√
a2 cos2 φ+ a2 sin2 φdφ = a

π
2∫

−π
2

a cosφdφ = 2a2

Èëè ìîæíî áûëî ïîéòè äðóãèì ïóòåì(
x− a

2

)2

+ y2 =
a2

4x =
a

2
+
a

2
cos t,

y =
a

2
sin t

Çàäà÷à 15.5. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë
∫
L

(x2 +y2 +z2)dl. Åñëè êðèâàÿ

L çàäàíà ïàðàìåòðè÷åñêè (÷àñòü âèíòîâîé ëèíèè):
x = a cos t,

y = a sin t,

z = bt

, 0 ≤ t ≤ 2π

√
ẋ2 + ẏ2 + ż2 =

√
a2 + b2∫

L

(x2 + y2 + z2)dl =

2π∫
0

(a2 + b2t2)
√
a2 + b2dt =

√
a2 + b2

(
2πa2 + b2 (2π)3

3

)
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Çàäà÷à 15.6. Íàéòè ìîìåíò èíåðöèè îäíîðîäíîé îêðóæíîñòè x2 + y2 = a2

îòíîñèòåëüíî å¼ äèàìåòðà

Jy =

∫
L

ρx2dl = ...

x

y

O

Ðèñ. 45. Ê çàäà÷å 15.6.{
x = a cos t,

y = a sin t
, 0 ≤ t ≤ 2π

... = ρ

2π∫
0

a2 cos2 t
√
a2dt = ρa3

2π∫
0

cos2 tdt = πρa3

Çàäà÷à 15.7. Âû÷èñëèòü êîîðäèíàòû öåíòðà òÿæåñòè äóãè îäíîðîäíîé êðèâîé
y = a ch x

a
îò òî÷êè A(0, a) äî òî÷êè B(b, h). Íàéäåì ìàññó:

m = ρa sh
b

a

Ñòàòè÷åñêèé ìîìåíò îòíîñèòåëüíî îñè Oy:

My = ρa2

[
b

a
sh
b

a
− ch

b

a
+ 1

]

Êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà

∫
L

(
~F , ~dl

)
~F = {P,Q,R} � âåêòîðíàÿ ôóíêöèÿ
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P,Q,R � ôóíêöèè òð¼õ ïåðåìåííûõ
~dl = {dx, dy, dz}
Êðèâàÿ L çàäà¼òñÿ ïàðàìåòðè÷åñêè

x = x(t), y = y(t), z = z(t)∫
L

(
~F , ~dl

)
=

∫
L

Pdx+Qdy +Rdz

Åñëè òî÷êà ïðîáåãàåò ïî êðèâîé â íàïðàâëåíèè ðîñòà ïàðàìåòðà t, òî ñïðàâåäëèâà
ôîðìóëà ∫

L

Pdx+Qdy +Rdz =

β∫
α

[Pẋ+Qẏ +Rż] dt

Çàäà÷à 15.8. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà∫
L

(x2 − 2xy)dx+ (y2 − 2xy)dy,

ãäå L : y = x2, −1 ≤ x ≤ 1.

∫
L

(x2 − 2xy)dx+ (y2 − 2xy)dy =

1∫
−1

[
(x2 − 2x3) · 1 + (x4 − 2x3)2x

]
dx =

=

(
x3

3
− 2x4

4
− 2x6

6
− 4x5

5

) ∣∣∣∣1
−1

= −14

15
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Ñåìèíàð 16

Çàäà÷à 16.1. Íàéòè êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà

I =

∮
L

(x+ y)dx+ (x− y)dy,

åñëè êðèâàÿ L � ýòî ýëëèïñ

x2

a2
+
y2

b2
= 1, (ïðîáåãàåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè)

Ïåðåéäåì ê íîâûì êîîðäèíàòàì{
x = a cosφ,

y = b sinφ
→

{
ẋ = −a sinφ,

ẏ = b cosφ

I =

2π∫
0

[(a cosφ+ b sinφ) · (−a sinφ) + (a cosφ− b sinφ)b cosφ] dφ = 0

Çàäà÷à 16.2. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà

I =

∫
L

(y − z)dx+ (z − x)dy + (x− y)dz,

åñëè êðèâàÿ L � ëèíèÿ ïåðåñå÷åíèÿ äâóõ ïîâåðõíîñòåé{
x2 + y2 + z2 = a2,

y = x tgα
(0 < α < π)

Ëèíèÿ L ïðîáåãàåòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü ñî ñòîðîíû
ïîëîæèòåëüíîé ïîëóîñè Ox.
Ïåðåéäåì ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò è ïîëó÷èì

L :


x = a cosα sin t,

y = a sinα sin t,

z = a cos t

t = 0 : (0; 0;α)

t =
π

2
: (a cosα; a sinα; 0)

⇒ äâèæåìñÿ ïî ÷àñîâîé ñòðåëêå

Îòâåò: 2
√

2πa2 sin
(
π
4
− α

)
.

Çàäà÷à 16.3. Íàéòè ðàáîòó óïðóãîé ñèëû, íàïðàâëåííîé ê íà÷àëó ñèñòåìû
êîîðäèíàò, âåëè÷èíà êîòîðîé ïðîïîðöèîíàëüíà (ñ êîýôôèöèåíòîì k) óäàëåíèþ
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x

y

O

~F

a

b

φ

Ðèñ. 46. Ê çàäà÷å 16.3.

ìàòåðèàëüíîé òî÷êè îò íà÷àëà êîîðäèíàò. Åñëè ýòà òî÷êà îïèñûâàåò ÷åòâåðòü
ýëëèïñà â íàïðàâëåíèè ïðîòèâ ÷àñîâîé ñòðåëêè.

~F (r) = −k~r = {−kx;−ky}

A =

∫
L

(
~F , ~dl

)
=

∫
L

−kxdx− kydy =

a∫
0

kxdx−
b∫

0

kydy =

(
a2

2
− b2

2

)
k.

Ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà

S � êóñî÷íî-ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü.
Îïèñûâàåòñÿ S ïàðàìåòðè÷åñêè

x = x(u, v),

y = y(u, v),

z = z(u, v)

u, v ∈ g

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x, y, z) íåïðåðûâíà âî âñåõ òî÷êàõ ïîâåðõíîñòè S.
Òîãäà ñïðàâåäëèâà ôîðìóëà:∫∫

S

f(x, y, z)dS =

∫∫
g

f(x(u, v), y(u, v), z(u, v))
√
EG− F 2dudv,

E = x2
u + y2

u + z2
u,

F = xuxv + yuyv + zuzv,

G = x2
v + y2

v + z2
v

Åñëè ïîâåðõíîñòü çàäàíà êàê

z = z(x, y), x, y ∈ σ
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Ìîæíî èñïîëüçîâàòü äðóãóþ ôîðìóëó:∫∫
S

f(x, y, z)dS =

∫∫
σ

f(x, y, z(x, y))
√

1 + z2
x + z2

ydxdy

Çàäà÷à 16.4. Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà

I =

∫∫
S

(x+ y + z)dS

ïî ïîâåðõíîñòè çàäàííîé êàê {
x2 + y2 + z2 = a2,

z ≥ 0

z =
√
a2 − x2 − y2

zx =
−2x

2
√
a2 − x2 − y2

, zy = − y√
a2 − x2 − y2

√
1 + z2

x + z2
y =

√
x2

a2 − x2 − y2
+

y2

a2 − x2 − y2
+ 1 =

√
a2

a2 − x2 − y2

I =

∫∫
S

(x+ y + z)dS =

∫∫
σ

(x+ y +
√
a2 − x2 − y2)

√
a2

a2 − x2 − y2
dxdy = πa3
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Ñåìèíàð 17

Çàäà÷à 17.1 Íàéòè ïëîùàäü ïîâåðõíîñòè, çàäàííîé óðàâíåíèåì

(x2 + y2 + z2)2 = x2 + y2

Ââåäåì ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò
x = r cosφ sin θ,

y = r sinφ sin θ,

z = r cos θ

⇒ r = sin θ ⇒ w :

[
0 ≤ θ ≤ π,

0 ≤ φ ≤ 2π

Äàëåå ïîëó÷àåì 
x = sin2 θ cosφ,

y = sin2 θ sinφ,

z = sin θ cos θ

S =

∫∫
w

√
EG− F 2dθdφ = . . .

E = 1, G = sin4 θ, F = 0

. . . =

∫∫
w

sin2 θdφ =

2π∫
0

dφ

π∫
0

sin2 θdθ = 2π

π∫
0

sin2 θdθ = π2

Çàäà÷à 17.2. Íàéòè ìàññó ïàðàáîëè÷åñêîé îáîëî÷êè

z =
1

2
(x2 + y2), z ∈ [0; 1]

Åñëè ïëîòíîñòü ρ = z.

m =

∫∫
S

ρdS =

∫∫
S

zdS =
1

2

∫∫
S

(x2 + y2)
√

1 + x2 + y2dxdy = . . .

σ : x2 + y2 = 2

. . . =
1

2

2π∫
0

dφ

√
2∫

0

ρ2
√

1 + ρ2ρdρ = π

√
2∫

0

ρ3
√

1 + ρ2dρ = π

√
2∫

0

ρ3 + ρ5√
1 + ρ2

dρ =
2π

15
(1 + 6

√
3)

Çàäà÷à 17.3.Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè îäíîðîäíîé ïîâåðõíîñòè, âûðåçàííîé

x2 + y2 = ax èç ïîâåðõíîñòè z =
√
x2 + y2
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Ïðèâåä¼ì ïîâåðõíîñòü ê êàíîíè÷åñêîìó âèäó(
x− a

2

)2

+ y2 =
(a

2

)2

S =

∫∫
dS =

∫∫
σ

√
1 +

x2

x2 + y2
+

y2

x2 + y2
dxdy =

√
2

∫∫
σ

dxdy =

=
√

2

2π∫
0

dρ

a/2∫
0

ρdρ =
πa2

4

√
2

m = ρ · S
Îòâåò: x0 = a

2
.

Ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà

Òðåáîâàíèÿ:

1) S � ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü.

2) S+ � ñòîðîíà ïîâåðõíîñòè, õàðàêòåðèçóåìàÿ íàïðàâëåíèåì íîðìàëè

~n = {cosα, cos β, cos γ}.

3) P, Q, R � ôóíêöèè òð¼õ ïåðåìåííûõ íåïðåðûâíûå ïî âñåé ïîâåðõíîñòè S.
Åñëè âñ¼ âûïîëíåíî, ñïðàâåäëèâà ôîðìóëà∫∫

S+

Pdydz +Qdzdx+Rdxdy =

∫∫
S

(P cosα +Q cos β +R cos γ)dS

Ïóñòü ïîâåðõíîñòü S çàäàíà ÿâíî

S : z = z(x, y)

Î÷åíü óäîáíî èñïîëüçîâàòü äðóãóþ ôîðìóëó∫∫
S+

Rdxdy = ±
∫∫

ΠpxyS

R(x, y, z(x, y))dxdy

¾+¿ ñòàâèòñÿ, êîãäà γ � îñòðûé óãîë,

¾-¿ ñòàâèòñÿ, êîãäà γ � òóïîé óãîë
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È îáðàòíàÿ ôîðìóëà∫∫
S−

Rdxdy = ∓
∫∫

ΠpxyS

R(x, y, z(x, y))dxdy

¾-¿ ñòàâèòñÿ, êîãäà γ � îñòðûé óãîë,

¾+¿ ñòàâèòñÿ, êîãäà γ � òóïîé óãîë

Çàäà÷à 17.4. Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà

I =

∫∫
S+

(xdydz + ydzdx+ zdxdy),

åñëè S+ � ýòî âíåøíÿÿ ñòîðîíà ñôåðû x2 + y2 + z2 = a2.

~N = {2x, 2y, 2z}, | ~N | = 2
√
x2 + y2 + z2 = 2a

⇒ ~n =
{x
a
,
y

a
,
z

a

}
I =

∫∫
S+

(~b, ~n)dS =

∫∫
adS = 4πa3

Äðóãîé ïîäõîä:

Ðàçîáüåì èñõîäíûé èíòåãðàë íà ñóììó òð¼õ

I = J1 + J2 + J3

J1 =

∫∫
S+

xdydz =

∫∫
Sïåð

xdydz +

∫∫
Sçàä

xdydz

, ãäå σ : 0 ≤ z2 + y2 ≤ a2∫∫
Sïåð

xdydz =

∫∫
σ

√
a2 − y2 − z2dydz

∫∫
Sçàä

xdydz = −
∫∫
σ

−
√
a2 − y2 − z2dydz

J1 = 2

∫∫
σ

√
a2 − y2 − z2dydz

Ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì{
z = ρ cosφ,

y = ρ sinφ
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J1 = 2

2π∫
0

dφ

a∫
0

√
a2 − ρ2ρdρ = 2π

a∫
0

√
a2 − ρ2dρ2 = −2π

0∫
a2

√
tdt =

4

3
πa3

I = 3J1

Îòâåò: 4πa3.

Çàäà÷à 17.5. Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà

I =

∫∫
S−

(x2 + y2)dxdy,

åñëè S− � âíóòðåííÿÿ ÷àñòü ïîâåðõíîñòè âåðõíåé ïîëóñôåðû{
x2 + y2 + z2 = 1,

z ≥ 0

Ìîæíî ÿâíî âûïèñàòü ïîâåðõíîñòü

z =
√

1− x2 − y2

I = −
∫∫

x2+y2≤1

(x2 + y2)dxdy = −
2π∫

0

dρ

1∫
0

ρ3dρ = −π
2

Ôîðìóëà Ãðèíà

∮
∂G+

(Pdx+Qdy) =

∫∫
G

(
∂Q

∂x
− ∂P

∂y

)
dxdy

Òðåáîâàíèÿ:

1) Îáëàñòü G ìîæåò áûòü íå îäíîñâÿçíîé.

2) Ãðàíèöà ∂G+ îáõîäèòñÿ òàê, ÷òî îáëàñòü G îñòà¼òñÿ ñëåâà.

3) P,Q ∈ C1
G
.

Ïðèìåð. Âû÷èñëèòü èíòåãðàë∮
C+

(ex + 2xy)dx+ (x2 + cos y)dy,

åñëè C � êðèâàÿ, çàäàííàÿ ïàðàìåòðè÷åñêè{
x = 5 cos t− cos 5t,

y = 5 sin t− sin 5t
, 0 ≤ t ≤ 2π

Îòâåò: 0.
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Ñåìèíàð 18

Çàäà÷à 18.1 Íàéòè öåíòð òÿæåñòè îäíîðîäíîé êðèâîé L, åñëè îíà ÿâëÿåòñÿ
ãðàíèöåé ïîâåðõíîñòè {

x2 + y2 + z2 = a2,

x ≥ 0, y ≥, z ≥ 0

l2

l3

x

y

z

l2

Ðèñ. 47. Ê çàäà÷å 18.1.

m =

∫
L

dl =

∫
l1

...+

∫
l2

...+

∫
l3

...

Êàæäûé èíòåãðàë îïèøåì ñ ïîìîùüþ ïîëÿðíîé ñèñòåìû êîîðäèíàò.

m =
3π

4

x0 =

∫
L

zdl

m
=

4a

3π

Çàäà÷à 18.2. Âûñ÷èòàòü ïëîùàäü îãðàíè÷åííîé ëèíèåé{
x = 5 cos t− cos 5t,

y = 5 sin t− sin 5t
t ∈ [0; 2π].

Áóäåì ðåøàòü ÷åðåç ôîðìóëó Ãðèíà

S =

∫∫
G

dxdy

⇒ Qx − Py = 1
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Ìîæíî âçÿòü
Q = x, P = 0

Q = 0, P = −y
Q =

x

2
, P = −y

2

Îòâåò: 30π.

Çàäà÷à 18.3. Âû÷èñëèòü èíòåãðàë

J =

∫
LNM

(sinx− y3)dx+ (x3 + y5)dy,

åñëè LNM � äóãà êðèâîé {
x2 + y2 = a2,

x > 0, y > 0
.

Íåîáõîäèìî äîïîëíèòü êîíòóð äî çàìêíóòîãî (Ðèñ. 48.) è òîãäà

∮
∂G+

=

a∫
0

sinxdx+ J +

0∫
a

y5dy =

∫∫
G

(3x2 + 3y2)dxdy

Îòâåò: 3πa4

8
+ a6

6
− 1 + cos a.

y

xM

N

LNM

O

y

xM

N

LNM

O

Ðèñ. 48. Ê çàäà÷å 18.3.

Çàäà÷à 18.4. Âû÷èñëèòü èíòåãðàë∫
L+

xdx+ ydy

x2 + y2
,

åñëè L � ëþáîé çàìêíóòûé êîíòóð.
1 ñëó÷àé: Íà÷àëî êîîðäèíàò íå ïîïàäàåò âíóòðü êîíòóðà (Ðèñ. 49.)
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L+

x

y

O

g

Ðèñ. 49. Ê çàäà÷å 18.4.

∫
L+

xdx+ ydy

x2 + y2
=

∫∫ (
− 2xy

(x2 + y2)2
+

2xy

(x2 + y2)2

)
dxdy = 0

2 ñëó÷àé: Ôîðìóëó Ãðèíà ïðèìåíèòü ñðàçó íåëüçÿ, íóæíî äîáàâèòü
äîïîëíèòåëüíûé êîíòóð γ (Ðèñ. 50.)

L+

x

y

O

g

γ+

Ðèñ. 50. Ê çàäà÷å 18.4.
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γ :

{
x = ε cosφ,

y = ε sinφ∮
L+

+

∫
γ−

= 0

⇒
∮
L+

=

∫
γ+

=

2π∫
0

ε2 sin2 φ+ ε2 cos2 φ

ε2
dφ =

2π∫
0

dφ = 2π

Çàäà÷à 18.5. Äàí èíòåãðàë ∫
LAB

F (x, y)(ydx+ xdy)

Ïðè êàêèõ óñëîâèÿõ ýòîò èíòåãðàë íå çàâèñèò îò ïóòè êðèâîé L èç òî÷êè A â B.

IL+ + IL− = 0∮
F (x, y)(ydx+ xdy) = 0

⇒
∫∫
g

(
∂(F (x, y)x)

∂x
− ∂(F (x, y)y)

∂y

)
dxdy

Â èòîãå, ïîëó÷àåì óñëîâèå
xFx = yFy

Ïîòîê âåêòîðíîãî ïîëÿ. Ôîðìóëà Îñòðîãðàäñêîãî

Îïðåäåëåíèå.Ïóñòü åñòü âåêòîð ~A = {P,Q,R}, P,Q,R�ôóíêöèè òðåõ ïåðåìåííûõ.
Ïîòîê ýòîãî âåêòîðà ÷åðåç áåñêîíå÷íî ìàëóþ ïëîùàäü dσ (~n = {cosα, cos β, cos γ})
ðàâåí

dΠ = ( ~A,~n)dσ = (P cosα +Q cos β +R cos γ)dσ.

À ñóììàðíûé ïîòîê âåêòîðà ~A ÷åðåç ïîâåðõíîñòü Σ:

Π =

∫∫
Σ

( ~A,~n)dσ =

∫∫
Σ

(P cosα +Q cos β +R cos γ)dσ

Çàäà÷à 18.6. Äàíû âåêòîð ~A = 1
r3
~r è ïîâåðõíîñòü ñôåðû x2 + y2 + z2 = a2.

Íåîáõîäèìî âû÷èñëèòü ïîòîê âåêòîðà ~A ÷åðåç ïîâåðõíîñòü ýòîé ñôåðû.
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Îòâåò: 4π.

Ôîðìóëà Îñòðîãðàäñêîãî:∫∫
S+

( ~A,~n)dσ =

∫∫∫
Ω

div ~Adω
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