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Ñåìèíàð 1

Âîçâåäåíèå â íàòóðàëüíóþ ñòåïåíü äåéñòâèòåëüíîãî ÷èñëà

(an, a ∈ R, n ∈ N) def⇐⇒

 a, åñëè n = 1

a · ... · a︸ ︷︷ ︸
n

, åñëè n ≥ 2



Îïðåäåëåíèå. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà â íåêîòîðîé äâóõñòîðîííåé
îêðåñòíîñòè U(x0) òî÷êè x0. Òîãäà ïðîèçâîäíîé ôóíêöèè f(x) â òî÷êå x0 íàçûâàåòñÿ
ïðåäåë, åñëè îí ñóùåñòâóåò,

f ′(x0) = lim
x→x0

f(x)− f(x0)
x− x0

.

Ïðèìåð. Íàéòè ïðîèçâîäíóþ è å¼ îáëàñòü îïðåäåëåíèÿ äëÿ ôóíêöèè y =
√
x.

Îòâåò: y′ = 1
2
√
x
, Dy′ = (0;+∞).

(0 íå ïðèíàäëåæèò Dy′ , ò. ê. ñàìà ôóíêöèÿ íå îïðåäåëåíà â äâóõñòîðîííåé
îêðåñòíîñòè òî÷êè x = 0)

Ïðèìåð. Íàéòè ïðîèçâîäíóþ è å¼ îáëàñòü îïðåäåëåíèÿ äëÿ ôóíêöèè
y =
√
x+
√−x.

Dy = 0, âñåãî îäíà òî÷êà ⇒ Îòâåò: ïðîèçâîäíîé íåò.

Çàäà÷à 1.1. Äîêàçàòü, ÷òî ëþáàÿ ìåäèàíà òðåóãîëüíèêà ìåíüøå ïîëóñóììû âñåõ
åãî ñòîðîí.
Äîê-âî:

Ðèñ. 1. Ê çàäà÷å 1.1.

Èç òåîðåìû î òîì, ÷òî êàæäàÿ ñòîðîíà òðåóãîëüíèêà

ìåíüøå ñóììû äâóõ äðóãèõ ñòîðîí
⇒

m < a+
c

2

m < b+
c

2

Äàëåå ïî òåîðåìå î òîì, ÷òî äâà íåðàâåíñòâà îäèíàêîâîãî çíàêà ìîæíî ïî÷ëåííî
ñêëàäûâàòü ïîëó÷àåì

m <
a+ b+ c

2
÷òî è ò. ä.
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Ìåòîä ïîëíîé ìàòåìàòè÷åñêîé èíäóêöèè

Èíäóêöèÿ � ýòî ôîðìà ïîçíàíèÿ, â êîòîðîé ìû èäåì îò ÷àñòíîãî ê îáùåìó. Îíà
èñïîëüçóåòñÿ íå òîëüêî â ìàòåìàòèêå, íî è â áèîëîãèè, ôèçèêå è ïðîñòî îáû÷íîé
æèçíè.

Ïóñòü ó íàñ åñòü íàáîð âûñêàçûâàíèé A(k), çàíóìåðîâàííûõ íàòóðàëüíûìè ÷èñ-
ëàìè k ∈ N. Ìû õîòèì äîêàçàòü, ÷òî ýòèì âûñêàçûâàíèÿ ñïðàâåäëèâû ïðè ëþáîì
íàòóðàëüíîì k, íà÷èíàÿ ñ êàêîãî-òî îïðåäåëåííîãî k0. Ýòî äîêàçàòåëüñòâî
ðàçáèâàåòñÿ íà äâà ýòàïà:

1) Äîêàçàòü, ÷òî âûñêàçûâàíèå ñïðàâåäëèâî ïðè k = k0.

2) Äîêàçàòü, ÷òî åñëè âåðíî âûñêàçûâàíèå A(k′) (ïðè ëþáîì k′ > k0), òî âåðíî è
A(k′ + 1).

Ïðèìåð. Äàíû äâà ÷èñëà b1, q è ðåêóððåíòíàÿ ôîðìóëà bn+1 = bnq (ò. å. çàäàíà
ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ). Äîêàçàòü, ÷òî ñïðàâåäëèâà ôîðìóëà bn+1 = b1q

n.
Äîê-âî:

ïðè n = 1 : b2 = b1 · q èëè b2 = b1 · q1 = b1 · q
ïðè n = k : bk+1 = b1 · qk ,òîãäà bk+2 = bk+1 · q = b1 · qk · q = b1 · qk+1 ÷òî è ò. ä.

Êîìïëåêñíûå ÷èñëà

Àëãåáðàè÷åñêèé ñïîñîá ôîðìàëüíîé çàïèñè ñèìâîëà êîìïëåêñíîãî ÷èñëà: x+ iy,
ãäå x, y ∈ R.

Ïðàâèëî ñëîæåíèÿ/âû÷èòàíèÿ äâóõ êîìïëåêñíûõ ÷èñåë:

(x1 + iy1)± (x2 + iy2) = (x1 ± x2) + i(y1 ± y2)

Ïðàâèëî ïåðåìíîæåíèÿ äâóõ êîìïëåêñíûõ ÷èñåë:

(x1 + iy1)× (x2 + iy2) = (x1x2 − y1y2) + i(x1y2 + x2y1)

Èç ýòîãî ïðàâèëà ñëåäóåò, ÷òî i× i = −1, ò. å. i =
√
−1.

Ïðàâèëî äåëåíèÿ äâóõ êîìïëåêñíûõ ÷èñåë:

x1 + iy1
x2 + iy2

=
x1x2 + y1y2
x22 + y22

+ i
x2y1 − x1y2
x22 + y22

Ìîæíî äàòü ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ êîìïëåêñíîãî ÷èñëà èñïîëüçóÿ
äåêàðòîâó ñèñòåìó êîîðäèíàò (Ðèñ. 2.):

ρ =
√
x2 + y2,


sinφ =

y

ρ

cosφ =
x

ρ

⇒ φ = φ0 + 2πn
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Ðèñ. 2. Ãåîìåòðè÷åñêîå ïðåäñòàâëåíèå êîìïëåêñíîãî ÷èñëà

Òðè ôîðìû çàïèñè êîìïëåêñíîãî ÷èñëà:

x+ iy = ρ(cosφ+ i sinφ) = ρeiφ

Ôîðìóëà Ìóàâðà: (cosφ+ i sinφ)n = cos(nφ) + i sin(nφ)

Çàäà÷à 1.2. Äàíî w = r(cosψ + i sinψ) 6= 0. Ðåøèòü óðàâíåíèå zn = w.
Îòâåò: zk = n

√
r
(
cos ψ+2πk

n
+ i sin ψ+2πk

n

)
, k = 0, 1, ..., n− 1.

Çàäà÷à 1.3. Ðåøèòü óðàâíåíèå z3 = −8.

−8 = 8(cos π + i sinπ)

z1 = 2
(
cos

π

3
+ i sin

π

3

)
= 1 + i

√
3

z2 = 2

(
cos

3π

3
+ i sin

3π

3

)
= −2

z3 = 2

(
cos

5π

3
+ i sin

5π

3

)
= 1− i

√
3

Îòâåò: z1,3 = 1± i
√
3, z2 = −2.

Êâàäðàòíûé êîðåíü èç ìíèìîé åäèíèöû
√
i =


1 + i√

2
−1− i√

2

Îïðåäåëåíèå. Äâà ÷èñëà z = x + iy è z = x − iy íàçûâàþòñÿ êîìïëåêñíî
ñîïðÿæåííûìè.

zz = x2 + y2

ρ =
√
zz
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Çàäà÷à 1.4. Âû÷èñëèòü 3+i5
1+i7

.

3 + i5

1 + i7
=

(3 + i5)(1− i7)
(1 + i7)(1− i7) =

3 + i5− i21 + 35

50
=

19

25
− i 8

25

Àëãîðèòì ðåøåíèÿ íåðàâåíñòâ âèäà f(x) > g(x):

f(x), x ∈ D1; g(x), ∈ D2; D = D1 ∩D2

∀x ∈ D f(x)− g(x)︸ ︷︷ ︸
F (x)

> 0⇔ F (x) > 0

1) Âûïèñàòü òî÷êè ðàçðûâà b1, b2, ..., bn ôóíêöèè F (x).

2) Âûïèñàòü ðåøåíèÿ óðàâíåíèÿ F (x) = 0 (òî÷êè a1, a2, ..., ak).

3) Â îáëàñòè D îòìåòèòü òî÷êè a1, ..., ak, b1, ..., bn è íàéòè îáëàñòè
çíàêîïîñòîÿíñòâà ôóíêöèè F (x).

Çàäà÷à 1.5. Ðåøèòü íåðàâåíñòâî
√
1− x > √x.

F (x) =
√
1− x−√x > 0

1) DF = [0; 1]

2)
√
1− x−√x = 0

1− x+ x− 2
√

(1− x)x = 0√
(1− x)x =

1

2

Ðèñ. 3. Ê çàäà÷å 1.5.

Îòâåò: x ∈ [0; 0.5).

Çàäà÷à 1.6. Äëÿ ëþáûõ äåéñòâèòåëüíûõ a, b ðåøèòü íåðàâåíñòâî ax+ b > 0.

ax+ b > 0⇔ ax > −b

1)
a ∈ (0;+∞)

b ∈ (−∞; +∞)

}
⇒ x ∈

(
− b
a
; +∞

)

2)
a ∈ (−∞; 0)

b ∈ (−∞; +∞)

}
⇒ x ∈

(
−∞;− b

a

)
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3) a = 0⇒ 0 > −b⇒
[
b ∈ (0;+∞), x ∈ (−∞; +∞)

b ∈ (−∞; 0], x ∈ ∅

Îòâåò: ïðè a ∈ (−∞; 0), b ∈ (−∞; +∞) : x ∈
(
−∞;− b

a

)
ïðè a = 0

[
b ∈ (0;+∞), x ∈ (−∞; +∞)

b ∈ (−∞; 0], x ∈ ∅

ïðè a ∈ (0;+∞), b ∈ (−∞; +∞) : x ∈
(
− b
a
,+∞

)

Çàäà÷à 1.7. Ðåøèòü íåðàâåíñòâî
log 1

2
(x−2)+log 1

2
(x−3)+1

2x−7 < 0.

Ïåðåïèøåì íåðàâåíñòâî â âèäå:
log 1

2

(
(x− 2)(x− 3)1

2

)
2x− 7

< 0

1)


x > 2

x > 3

2x− 7 6= 0

⇒ DF =

(
3;

7

2

)
∪
(
7

2
;+∞

)

2) (x− 2)(x− 3)
1

2
= 1

x2 − 5x+ 6 = 2

x2 − 5x+ 4 = 0

x1 = 1, x2 = 4

Ðèñ. 4. Ê çàäà÷å 1.7.

Îòâåò: x ∈ (3; 3.5) ∪ (4;+∞).

Çàäà÷à 1.8. Ðåøèòü íåðàâåíñòâî (2x2 − 4x+ 1) arcsin(x− 1) > 0.

1) − 1 ≤ x− 1 <≤ 1⇒ DF = [0; 2]

2) 2x2 − 4x+ 1 = 0

D = 16− 8 = 8

x1,2 = 1± 1√
2

arcsin(x− 1) = 0

x3 = 1
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Îòâåò: x ∈
(
1− 1√

2
; 1
)
∪
(
1 + 1√

2
; 2
]
.

Çàäà÷à 1.9. Ðåøèòü íåðàâåíñòâî sin(arctg x) > 4
5
.

−π
2
< arctg x <

π

2

Íî ðåøàåì â îáëàñòè 0 < arctg x <
π

2
(ò. ê. cèíóñ ïîëîæèòåëåí â ýòîé ÷åòâåðòè)

⇒ ìû ìîæåì ïðèìåíèòü ôîðìóëó sinx =
tg x√

1 + tg2 x

Îòâåò: x ∈ (4/3;+∞).

Çàäà÷à 1.10. Ðåøèòü íåðàâåíñòâî logx
2x−1
x−1 > 1.

x > 0

x 6= 1

2x− 1

x− 1
> 0

⇒ DF : x ∈ (0;
1

2
) ∪ (1;+∞)

Ïðîïîòåíöèèðóåì èñõîäíîå íåðàâåíñòâî îòäåëüíûõ íà êàæäîé èç äâóõ îáëàñòåé:


0 < x <

1

2
,

2x− 1

x− 1
< x

x ∈ (1;+∞),

2x− 1

x− 1
> x

⇔



 0 < x <
1

2
,

2x− 1 > (x− 1)x{
x ∈ (1;+∞),

2x− 1 > x(x− 1)

Îòâåò: x ∈
(

3−
√
5

2
; 1
2

)
∪
(
1; 3+

√
5

2

)
.

Çàäà÷à 1.11. Ðåøèòü íåðàâåíñòâî 2x√
2x+9

<
√
1 + 2x− 1.
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Ñåìèíàð 2

Çàäà÷à 1.1. Ðåøèòü íåðàâåíñòâî 2x√
2x+9

<
√
1 + 2x− 1.

Îáëàñòü îïðåäåëåíèÿ x ∈ [−1
2
; +∞). Íàéäåì íóëè

2x√
2x+ 9

(
√
1 + 2x+ 1) = (

√
1 + 2x− 1)(

√
1 + 2x+ 1)

2x√
2x+ 9

=
2x√

1 + 2x+ 1
⇔

x = 0
√
2x+ 9 =

√
1 + 2x+ 1⇒ x =

45

8

Ðèñ. 5. Ê çàäà÷å 2.1.

Îòâåò: x ∈ (0; 45
8
).

Çàäà÷à 2.2.Äàíî íåðàâåíñòâî |x+a| ≤ x. Íóæíî íàéòè ðåøåíèå ýòîãî íåðàâåíñòâà
äëÿ âñåõ çíà÷åíèé ïàðàìåòðà a.
Ðåøåíèå:

Ñðàçó âèäíî, ÷òî íóæíî ðàññìàòðèâàòü òîëüêî x ≥ 0, ò. ê. ìîäóëü ïî îïðåäåëåíèþ
íåîòðèöàòåëåí. Äàëåå ñóùåñòâóåò äâà ïîäõîäà ê ðåøåíèþ äàííîãî íåðàâåíñòâà.
1 ñïîñîá. Ñíîâà âîñïîëüçóåìñÿ îïðåäåëåíèåì ìîäóëÿ, è çàäà÷à ðàñïàä¼òñÿ íà äâå

÷àñòè: 


x+ a ≥ 0,

x+ a ≤ x,

x ≥ 0.
x+ a < 0,

−(x+ a) ≤ x,

x ≥ 0.

⇔




x ≥ −a,
a ≤ 0,

x ≥ 0.
x < −a,
x ≥ −a

2
,

x ≥ 0.

⇔


a ∈ (−∞, 0], x ∈ [−a, +∞)a ≤ 0

a ∈ (−∞, 0), x ∈ [−a
2
, +∞)

2 ñïîñîá. Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà â êâàäðàò:

{
x ≥ 0,

(x+ a)2 ≤ x2.
⇔
{
x ≥ 0,

2ax+ a2 ≤ 0.
⇔


a = 0 , x ≥ 0

a > 0, x ≤ −a
2

a < 0, x ≥ −a
2

Îòâåò: 1) ïðè a ∈ (−∞, 0], x ∈ [−a
2
, +∞)

2) ïðè a ∈ (0,+∞), x ∈ ∅
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×èñëîâàÿ ïîñëåäîâàòåëüíîñòü

Îïðåäåëåíèå. Ïóñòü äëÿ ∀n ∈ N ñòàâèòñÿ â ñîîòâåòñòâèå ïî îïðåäåëåííîìó
çàêîíó âåùåñòâåííîå ÷èñëî xn, òîãäà ìíîæåñòâî ÷èñåë x1, x2, x3, ..., ðàñïîëîæåííûõ
â ïîðÿäêå âîçðàñòàíèÿ íîìåðà n, íàçûâàåòñÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòüþ {xn}.

Ïðèìåð. Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü xn = n
n+1

, ãäå n ∈ N. Íåîáõîäèìî
äîêàçàòü, ÷òî limn→+∞

n
n+1

= 1.
Äîê-âî: ×òîáû ýòî äîêàçàòü íàì íóæíî âñïîìíèòü îïðåäåëåíèå ÷èñëîâîé ïîñëå-

äîâàòåëüíîñòè:(
lim

n→+∞
xn = a

)
def⇐⇒ (∀ε > 0 ∃N ∈ N : ∀n > N ⇒ |xn − a| < ε)

Òàêèì îáðàçîì, íàì íóæíî ðåøèòü ôóíêöèîíàëüíîå íåðàâåíñòâî âèäà∣∣∣∣ n

n+ 1
− 1

∣∣∣∣ < ε⇔ 1

n+ 1
< ε (∗∗)

Äëÿ ýòîãî âîçüìåì íåêîòîðîå ôèêñèðîâàííîå ε0 > 0 è ïðåäïîëîæèì, ÷òî ñóùåñòâóåò
n0:

1

n0 + 1
< ε0

À ýòî óæå ÷èñëîâîå íåðàâåíñòâî, êîòîðîå ìîæíî ðåøèòü

1

ε0
< n0 + 1⇔ n0 >

1

ε0
− 1⇒ n0 = [

1

ε0
]

Î÷åâèäíî, äëÿ ∀n > n0 (ïî àêñèîìå Àðõèìåäà) áóäåò âåðíî íåðàâåíñòâî
1

n+1
< ε0.

Ïîñêîëüêó ε0 ìû ôèêñèðîâàëè, íî íå çàäàâàëè êîíêðåòíî, óòâåðæäåíèå (∗∗) âåðíî
äëÿ ëþáîãî ïîëîæèòåëüíîãî ε.

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {xn} íàçûâàåòñÿ îãðàíè÷åííîé, åñëè ∃M > 0
òàêîå, ÷òî ∀n |xn| ≤M .

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {xn} íàçûâàåòñÿ íåîãðàíè÷åííîé, åñëè
∀M > 0 ∃n : |xn| > M .

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {xn} íàçûâàåòñÿ áåñêîíå÷íî ìàëîé, åñëè
limn→+∞ xn = 0.

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {xn} íàçûâàåòñÿ áåñêîíå÷íî áîëüøîé, åñëè
∀A > 0 ∃N òàêîå, ÷òî ∀n > N |xn > A| (ò. å. ïîñëåäîâàòåëüíîñòü ñòðåìèòñÿ ê
áåñêîíå÷íîñòè îïðåäåëåííîãî çíàêà).

Ïðèìåð.Ïîñëåäîâàòåëüíîñòü n(−1)n � íåîãðàíè÷åííàÿ, íî íå ÿâëÿåòñÿ áåñêîíå÷íî
áîëüøîé.

12

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Çàäà÷à 2.3. Äîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü xn = nk (∀k > 0) ÿâëÿåòñÿ
áåñêîíå÷íî áîëüøîé.
Ïîäñêàçêà. Âìåñòî ∀A > 0 èñïîëüçîâàòü ðàâíîñèëüíîå óñëîâèå ∀A1/k > 0.

Çàäà÷à 2.4. Íàéòè limn→+∞(
√
n+ 1−√n).

lim
n→+∞

(
√
n+ 1−√n) = lim

n→+∞

(
n+ 1− n√
n+ 1 +

√
n

)
= lim

n→+∞

(
1√

n+ 1 +
√
n

)
= 0.

Çàäà÷à 2.5. Íàéòè limn→+∞

(
1
1·2 +

1
2·3 + ...+ 1

n(n+1)

)
.

lim
n→+∞

(
1

1 · 2 +
1

2 · 3 + ...+
1

n(n+ 1)

)
= lim

n→+∞

(
1− 1

2
+

1

2
− 1

3
+ ...+

1

n
− 1

n+ 1

)
=

= lim
n→+∞

(
1− 1

n+ 1

)
= 1.
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Ñåìèíàð 3

Îäíîçíà÷íàÿ ôóíêöèÿ îäíîé âåùåñòâåííîé ïåðåìåííîé

Çàäà÷à 3.1. Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè:

1)

y =

√
x

sinnx
, n ∈ N

Íåîáõîäèìî ðåøèòü ñèñòåìó: {
x ≥ 0,

sinnx 6= 0

Îòâåò: x ∈ (πk
n
; π+πk

n
), k ∈ Z0.

2)
y = ctg πx+ arcsin 2x

Îòâåò: x ∈ (−k − 1;−k), k ∈ Z0.

Íîâûå ôóíêöèè:

• ¾Çíàê x¿

y = signx =


1, x > 0

0, x = 0

−1, x < 0

Îíà î÷åíü óäîáíà â ïðèìåíåíèè:

y = sign f(x) =


1, f(x) > 0

0, f(x) = 0

−1, f(x) < 0

Ñ ïîìîùüþ íå¼ ìîæíî çàïèñàòü ìîäóëü: y = |x| = x · signx.

• ¾Ãèïåðáîëè÷åñêèé ñèíóñ¿

shx =
ex − e−x

2

• ¾Ãèïåðáîëè÷åñêèé êîñèíóñ¿

chx =
ex + e−x

2

• ¾Íàòóðàëüíûé ëîãàðèôì¿

y = lnx = loge x,

e = lim
n→+∞

(1 +
1

n
)n ≈ 2.7
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Ïðåäåë ôóíêöèè â òî÷êå

Îïðåäåëåíèå. Ïðåäåë ôóíêöèè f(x) â òî÷êå a ïî Êîøè:

(lim
x→a

f(x) = b)
def⇐⇒ (∀ε > 0 ∃δ > 0 : ∀x ∈ Df 0 < |x− a| < δ ⇒ |f(x)− b| < ε).

Èçâåñòíî limx→0
sinx
x

= 1⇐⇒ sinx
x

= 1 + α(x), ãäå limx→0 α(x) = 0.
Òîãäà

sinx = x+ xα(x) = x+ o(x)

Àíàëîãè÷íî äëÿ äðóãèõ ôóíêöèé ìîæíî çàïèñàòü:

àñèìïòîòè÷åñêèå ôîðìóëû

arcsinx = x+ o(x)

arctg x = x+ o(x)

cosx = 1− x2

2
+ o(x2)

ln(1 + x) = x+ o(x)

(1 + x)r = 1 + rx+ o(x)

ax = 1 + x ln a+ o(x)

Çàäà÷à 3.2. Íàéòè limx→x0 sinx.
Ïóñòü x = x0 + t, òîãäà

lim
x→x0

sinx = lim
t→0

sin (x0 + t) = lim
t→0

[sinx0 cos t+ cosx0 sin t] =

= lim
t→t0

[
sinx0

(
1− t2

2
+ o(t2)

)
+ cosx0(t+ o(t))

]
= lim

t→0
[sinx0 + t cosx0 + o(t)] = sin x0

Ïîïóòíî ìû äîêàçàëè, ÷òî ñèíóñ � ýòî íåïðåðûâíàÿ ôóíêöèÿ.
Àñèìïòîòè÷åñêèå ôîðìóëû � ýòî òîæäåñòâåííîå ïðåîáðàçîâàíèå!

Çàäà÷à 3.3. Íàéòè limx→0

n√1+x−1
x

.

lim
x→0

=
n
√
1 + x− 1

x
= lim

x→0

1 + x
n
− 1 + o(x)

x
= lim

x→0

[
1

n
+
o(x)

x

]
=

1

n
.

Çàäà÷à 3.4. Íàéòè limx→1

m√x−1
n√x−1 .

Ïóñòü x = 1 + t.

lim
x→1

m
√
x− 1

n
√
x− 1

= lim
t→0

m
√
1 + t− 1

n
√
1 + t− 1

= lim
t→0

1 + t
m
− 1 + o(t)

1 + t
n
− 1 + o(t)

=

= lim
t→0

t
m
+ o(t)

t
n
+ o(t)

= lim
t→0

1
m
+ o(t)

t

1
n
+ o(t)

t

=
n

m
.
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Çàäà÷à 3.5. Íàéòè limx→π
sinmx
sinnx

, m, n ∈ Z.
Ïóñòü x = π + t.

lim
x→π

sinmx

sinnx
= lim

t→0

sin(mπ +mt)

sin(nπ + nt)
= lim

t→0

cosmπ · sinmt
cosnπ · sinnt = lim

t→0

(−1)m(mt+ o(t))

(−1)n(nt+ o(t))
=

= (−1)m−n lim
t→0

m+ to(t)

n+ to(t)
= (−1)m−nm

n
.

Çàäà÷à 3.6. Íàéòè limx→0
1−cosx
x2

.

lim
x→0

1− cosx

x2
= lim

x→0

1− (1− x2

2
+ o(x2))

x2
=

1

2
.

Çàäà÷à 3.7. Íàéòè limx→a
lnx−ln a
x−a .

Ïóñòü x = a+ t.

lim
x→a

lnx− ln a

x− a = lim
t→0

ln(a+ t)− ln a

t
= lim

t→0

ln
(
a+t
a

)
t

= lim
t→0

ln
(
1 + t

a

)
t

= lim
t→0

t
a
+ o(t)

t
=

1

a
.

Çàäà÷à 3.6.(2) Íàéòè limx→0
1−cosx
x2

.

lim
x→0

1− cosx

x2
= lim

x→0

2 sin2 x
2

x2
= lim

x→0

2(x
2
+ o(x))2

x2
= lim

x→0

2(x
2

4
+ o(x))

x2
=

1

2
.

Çàäà÷à 3.8. Íàéòè limx→+∞
ln(2+e3x)
ln(3+e2x)

.

lim
x→+∞

ln(2 + e3x)

ln(3 + e2x)
= lim

x→+∞

3x+ ln(1 + 2e−3x)

2x+ ln(1 + 3e−2x)
=

3

2
.

Çàäà÷à 3.9. Íàéòè limx→0
ln(tg(π

4
+ax))

sin bx
.

lim
x→0

ln(tg(π
4
+ ax))

sin bx
= lim

x→0

ln 1+tg ax
1−tg ax

bx+ o(x)
= lim

x→0

2 tg ax+ o(tg ax)

bx+ o(x)
= lim

x→0

2ax+ o(x)

bx+ o(x)
=

2a

b
.

Çàäà÷à 3.10. Íàéòè limx→0
ln cos ax
ln cos bx

.

lim
x→0

ln cos ax

ln cos bx
= lim

x→0

ln(1− (ax)2

2
+ o(x2))

ln(1− (bx)2

2
+ o(x2))

=
a2

b2
.

Çàäà÷à 3.11. (Óñòíî) Íàéòè

lim
x→0

arcsin arcsin tg ln[1 + arcsin tg arcsin ln(1 + sin sin sinx)]

1− aln[1−sin sin tg x]
.
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Îòâåò: 1
ln a

.

Çàäà÷à 3.12. (Óñòíî) Íàéòè

lim
x→1

sin sin sin tg (x−1)2
2

ln cos(x− 1)
.

Îòâåò: −1.

Çàäà÷à 3.13. Ðàññìîòðèì ïðåäåë limuv, ãäå u = 1+x
2+x

è v = 1−
√
x

1−x .

1) Ïðè x→ 0: 1
2

2) Ïðè x→ 1:
√

2
3

3) Ïðè x→ +∞: 1

Âûðàæåíèå uv ìîæíî ïåðåïèñàòü â âèäå exp{v ln |u|}, òîãäà

lim
x→a

uv = exp{lim
x→a

v ln |u|}.

Çàäà÷à 3.14. Íàéòè limx→+∞

(
x2+1
x2−2

)x2
.

lim
x→+∞

(
x2 + 1

x2 − 2

)x2
= exp{ lim

x→+∞
x2 ln

(
x2 + 1

x2 − 2

)
} = exp{ lim

x→+∞
x2 ln

(
1 +

3

x2 − 2

)
} =

= exp{ lim
x→+∞

x2
(

3

x2 − 2
+ o(

1

x2
)

)
} = e3.

Çàäà÷à 3.15. Íàéòè limx→0

(
1+tg x

1+2 sinx

) 1
sin x .

lim
x→0

(
1 + tg x

1 + 2 sinx

) 1
sin x

= exp{lim
x→0

1

sinx
ln

(
1 + tg x

1 + 2 sinx

)
} =

= exp{lim
x→0

1

sinx
ln

(
1 + x+ o(x)

1 + 2x+ o(x)

)
= exp{lim

x→0

1

sinx
ln

(
1− 1

1 + 2x+ o(x)

)
} =

= exp{lim
x→0

1

sinx

(
− x

1 + 2x+ o(x)

)
} = exp{lim

x→0
− x

(x+ o(x))(1 + 2x+ o(x))
} =

= exp{lim
x→0
− x

x+ o(x)
} = 1

e
.
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Ñåìèíàð 4

Ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè

Äèôôåðåíöèðîâàíèå ñëîæíîé ôóíêöèè:

u = f (h (g(x)))

u′ = f ′h · h′g · g′x

Ïðèìåð.

1)
y = sinx3 ⇒ y′ = cosx3 · 3x2

2)

y = sin(2x
3

)⇒ y′ = cos(2x
3

)2x
3

ln 2 · 3x2

3)

y = sin(2
√
1−x3)⇒ y′ = cos(2

√
1−x3)2

√
1−x3 ln 2

1

2
√
1− x3

(−3x2)

4)

y = sin(2
√

1−ln tg x3)⇒ y′ = cos(2
√

1−ln tg x3)2
√

1−ln tg x3 ln 2
−1
tg x3

(
1

cos2 x3

)
3x2

Çàäà÷à 4.1. Íàéòè ïðîèçâîäíóþ è îáëàñòè îïðåäåëåíèÿ ïðîèçâîäíîé è ôóíêöèè

f(x) =
√
x+

√
x+
√
x.

Df = [0;+∞)

f ′ =
1

2
√
x+

√
x+
√
x

(
1 +

1

2
√
x+
√
x

)(
1 +

1

2
√
x

)
Df ′ = (0;+∞)

Ðàññìîòðèì ôóíêöèþ çíàêà:
y = signx

(signx)′ = 0, x 6= 0

(sign f(x))′ = 0, f(x) 6= 0

Òîãäà äëÿ ìîäóëÿ ïîëó÷èì:
y = |x| = x · signx, x 6= 0

(|x|)′ = x · 0 + 1 · signx = signx (x 6= 0)

Íî åñëè âçÿòü ïîõîæóþ ôóíêöèþ:
y = x|x| = x2 · signx
x 6= 0 : y′ = 2x signx+ x2 · 0 = 2|x|

x = 0 : y′(0) = lim
4x→0

4x|4x| − 0

4x = lim
4x→0

|4x| = 0
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(ò. å. â íóëå íåëüçÿ ïðèìåíèòü òåîðåìó î ïðîèçâîäíîé ïðîèçâåäåíèÿ ôóíêöèé, íî
ñàìà ïðîèçâîäíàÿ â íóëå ñóùåñòâóåò)

Ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ

y = ln |x|, x 6= 0

y′ =
1

|x| · signx =
1

x

y = ln |f(x)|

(ln |f(x)|)′ = 1

|f(x)| · signx · f
′(x) =

f ′(x)

f(x)

f ′(x) = f(x) · (ln |f(x)|)′

Çàäà÷à 4.2. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = x5(1−x)6(x−2)1/3
sin9 x

.

y′ =
x5(1− x)6(x− 2)1/3

sin9 x
ln

(∣∣∣∣x5(1− x)6(x− 2)1/3

sin9 x

∣∣∣∣)′ =
=
x5(1− x)6(x− 2)1/3

sin9 x
(5 ln |x|+ 6 ln |1− x|+ 1

3
ln |x− 2| − 9 ln | sinx|)′ =

=
x5(1− x)6(x− 2)1/3

sin9 x

(
5

x
− 6

1− x +
1

3(x− 2)
− 9

sinx
cosx

)
.

Çàäà÷à 4.3. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = 7

√
x8 tg5 x3

cos3(1−x)a
√
x .

y′ = 7

√
x8 tg5 x3

cos3(1− x)a√x
1

7
[8 ln |x|+ 5 ln | tg x3| − 3 ln | cos(1− x)| − √x ln a]′ =

= 7

√
x8 tg5 x3

cos3(1− x)a√x
1

7
[
8

x
+

5

tg x3
3x2

cos2 x3
− 3

cos(1− x)(− sin(1− x))(−1)− ln a

2
√
x
].

Çàäà÷à 4.4. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = | sinx|.
Èç ãðàôèêà (Ðèñ.6.) âèäíî, ÷òî

(| sinx|)′ =
{
cosx, x ∈ (2πn; 2πn+ π), n ∈ Z
− cosx, x ∈ (2πk + π; 2πk + 2π), k ∈ Z
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Ðèñ. 6. Ãðàôèê ôóíêöèè | sinx|

Çàäà÷à 4.5. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = ln | cosx|.
Îòâåò: y′ = tg x, x 6= π

2
+ πn, n ∈ Z.
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Ñåìèíàð 5

Çàäà÷à 5.1. Íàéòè àñèìïòîòè÷åñêîå ðàçëîæåíèå 3
√
n3 + n− n ïðè n→ +∞.

3
√
n3 + n− n = n

[
3

√
1 +

1

n2
− 1

]
= n

[
1 +

1

3n2
+ o(

1

n2
)− 1

]
= n

[
1

3n2
+ o(

1

n2
)

]

Äèôôåðåíöèàë

Çàäà÷à 5.2. Âû÷èñëèòü äèôôåðåíöèàë ôóíêöèè 2tg
1
x .

d(2tg
1
x ) = 2tg

1
x ln 2

1

cos2 1
x

(
− 1

x2

)
dx

Çàäà÷à 5.3. Âû÷èñëèòü äèôôåðåíöèàë ôóíêöèè arcsin arctg
√
x.

d(arcsin arctg
√
x) =

1√
1− arctg2

√
x
· 1

1 + x
· 1

2
√
x
dx

Çàäà÷à 5.4. Íàéòè d2 sin t, ãäå t = x3.

d sin t = cos tdt

d2 sin t = d(d sin t) = d(cos tdt) = − sin t(dt)2 + cos td2t

dt = 3x2dx

d2t = 6x(dx)2 ⇒ d2 sinx3 = − sinx3(3x2dx)2 + cosx3 · 6x(dx)2

Çàäà÷à 5.5. Íàéòè d(sin | arcsinx|).

d(sin | arcsinx|) = d

−x, −1 < x < 0

0, x = 0

x, 0 < x < 1

 =

[
−dx, x ∈ (−1; 0)
dx, x ∈ (0; 1)

Çàäà÷à 5.6. Âû÷èñëèòü d sin(1− x), ãäå x = 1, 4x = 2.

d(sin(1− x)) = − cos(1− x)dx
− cos(1− 1) · 2 = −2

Îòâåò: -2.
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Ïðîèçâîäíûå ñòàðøåãî ïîðÿäêà

Çàäà÷à 5.7. Íàéòè âòîðóþ ïðîèçâîäíóþ ôóíêöèè y = x
√
1 + x2.

y′′ = (
√
1 + x2 + x

2x

2
√
1 + x2

)′ =
2x

2
√
1 + x2

+
2x√
1 + x2

− x2 2x

2(1 + x2)3/2
=

=
x(2x2 + 3)

(1 + x2)3/2

Çàäà÷à 5.8. Íàéòè âòîðóþ ïðîèçâîäíóþ ôóíêöèè y = x lnx, ãäå x > 0.

y′′ = (lnx+ x
1

x
)′ =

1

x

ÂÀÆÍÛÅ ÔÎÐÌÓËÛ

(uv)(n) =
n∑
k=0

Ck
nu

(k)v(n−k)

[(a+ bx)α](n) = α(α− 1)...(α− n+ 1)bn(a+ bx)α−n, n ∈ N
[ca+bx](n) = (b ln c)nca+bx

(sin bx)(n) = bn sin(bx+
πn

2
)

(cos bx)(n) = bn cos(bx+
πn

2
)

(ln(a+ bx))(n) =
(−1)n−1(n− 1)!bn

(a+ bx)n(
a+ bx

α + βx

)(n)

=
(−1)nn!βn−1
(α + βx)n+1

∣∣∣∣a b
α β

∣∣∣∣
Çàäà÷à 5.9. Íàéòè âîñüìóþ ïðîèçâîäíóþ ôóíêöèè y = x2

1−x .

y =
x2

1− x = x2(1− x)−1

y(8) = C0
8x

2(
1

1− x)
(8) + C1

82x(
1

1− x)
(7) + C2

82(
1

1− x)
(6)

Îòâåò: 8!
(1−x)9

Çàäà÷à 5.10. Íàéòè 20þ ïðîèçâîäíóþ ôóíêöèè y = x2e2x.

y(20) = C0
20x

2(e2x)(20) + C1
202x(e

2x)(19) + C2
202(e

2x)(18) =

= x2220e2x + 20 · 2x · 219e2x + 190 · 2 · 218e2x = 220e2x(x2 + 20x+ 95)
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Çàäà÷à 5.11. Íàéòè y(n), n ∈ N, åñëè y = sin2 x.

y =
1− cos(2x)

2

y(n) =

(
1

2

)(n)

− 1

2
(cos(2x))(n) = 0− 1

2
2n cos(2x+

πn

2
) = −2n−1 cos(2x+ πn

2
)

Çàäà÷à 5.12. Íàéòè y(n), n ∈ N, åñëè y = ex sinx.
Âîñïîëüçóåìñÿ ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.

n = 1 : y′ = ex sinx+ ex cosx =
√
2ex sin(x+

π

4
)

n = k : y(k) =
√
2
k
ex sin(x+

πk

4
)

y(k+1) = [
√
2
k
ex sin(x+

πk

4
)]′ =

√
2
k
ex sin(x+

πk

4
) +
√
2
k
ex cos(x+

πk

4
) =

=
√
2
k+1

ex sin(x+
π(k + 1)

4
)

Ìàæîðàíòíàÿ è ìèíîðàíòíàÿ îöåíêè

Ïðèìåð. Íàéòè ïðåäåë limn→+∞

√
1 + 1

n
, n ∈ N.

∀n : 1 <

√
1 +

1

n
< 1 +

1

n

lim
n→+∞

1 = 1

lim
n→+∞

1 +
1

n
= 1

⇒ lim
n→+∞

√
1 +

1

n
= 1

Çàäà÷à 5.13. Íàéòè ïðåäåë limn→+∞ xn, ãäå xn = 1√
n2+1

+ 1√
n2+2

+ ...+ 1√
n2+n

.

n√
n2 + n

< xn <
n√
n2 + 1

1√
1 + 1

n

< xn <
1√

1 + 1
n2

lim
n→+∞

1√
1 + 1

n

= 1

lim
n→+∞

1√
1 + 1

n2

= 1


⇒ lim

n→+∞

1√
n2 + 1

+
1√

n2 + 2
+ ...+

1√
n2 + n

= 1
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Çàäà÷à 5.14. Äîêàçàòü, ÷òî limn→+∞
n
√
a = 1 (a > 1).

Îòìåòèì âàæíûå îöåíêè:

(1 + γ)n > 1 + nγ

(1 + γ)n >
(nγ

2

)2
n ∈ N, ∀γ > −1

Äîê-âî. Áóäåì äîêàçûâàòü ðàâíîñèëüíîå óòâåðæäåíèå limn→+∞
n
√
a− 1 = 0.

( n
√
a− 1 + 1)n > 1 + n( n

√
a− 1)

a > 1 + n( n
√
a− 1)

⇒ 0 < n
√
a− 1 <

a− 1

n

lim
n→+∞

0 = 0

lim
n→+∞

a− 1

n
= 0

⇒ lim
n→+∞

n
√
a− 1 = 0

Çàäà÷à 5.15. Äîêàçàòü, ÷òî limn→+∞
nk

an
= 0 (∀a > 1).

Äëÿ k = 1 : limn→+∞
n
an

=?

Let γ = a− 1 : (1 + a− 1)n >

(
n(a− 1)

2

)2

an >
n2

4
(a− 1)2

⇒ 0 <
n

an
<

4

(a− 1)2n

lim
n→+∞

0 = 0

lim
n→+∞

4

(a− 1)2n
= 0

⇒ lim
n→+∞

n

an
= 0.

Äëÿ k < 1: î÷åâèäíî.
Äëÿ k > 1:

nk

an
=
( n

an/k

)k
∃n0 : ∀n > n0

n

an/k
< 1

0 <
( n

an/k

)k
<

n

an/k
.

Òåîðåìà. Ëþáàÿ ìîíîòîííàÿ îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü èìååò ïðåäåë.
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Çàäà÷à 5.16. Íàéòè limn→+∞
an

n!
.

xn+1

xn
= an+1(n+1)!

n!an
= a

n+1
⇒ ïîñëåäîâàòåëüíîñòü ìîíîòîííî óáûâàåò

0 < an

n!
⇒ {xn} îãðàíè÷åíà ñíèçó

Ñäåëàåì ïðåäåëüíûé ïåðåõîä â ðåêóððåíòíîé ôîðìóëå, ïîëàãàÿ limxn = b

xn+1 = xn
a

n+ 1

b = b · 0⇒ b = 0.

Â èòîãå, ìû ïîëó÷èëè âàæíîå ñîîòíîøåíèå

k > 0, a > 1

nk << an << n!

Ôóíäàìåíòàëüíîñòü ïîñëåäîâàòåëüíîñòè

Çàäà÷à 5.17. xn = a0 + a1q + ...+ anq
n, |ak| < M, |q| < 1 äîêàçàòü,

÷òî ∃ limn→+∞ xn.

|xn − xn+p| = |an+1a
n+1 + ...+ an+pq

n+p|
|an+1a

n+1 + ...+ an+pq
n+p| < |q|n+1M(1 + ...+ |q|p−1)

|an+1a
n+1 + ...+ an+pq

n+p| < |q|n+1M

(
1

1− |q|

)
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Ñåìèíàð 6

Çàäà÷à 6.1. Íàéòè limx→+∞(sin
√
x+ 1 + sin

√
x).

lim
x→+∞

(sin
√
x+ 1 + sin

√
x) = 2 lim

x→+∞
cos

(√
x+
√
x+ 1

2

)
sin

(√
x+ 1−√x

2

)
Ìû ïîëó÷èëè ïðîèçâåäåíèå îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè íà áåñêîíå÷íî ìàëóþ
⇒ limx→+∞(sin

√
x+ 1 + sin

√
x) = 0.

Çàäà÷à 6.2. Íàéòè limn→+∞(cos
x√
n
)n.

lim
n→+∞

(cos
x√
n
)n = lim

n→+∞

(
1− x2

2n
+ o(

1

n
)

)n
= exp{ lim

n→+∞
n ln

(
1− x2

2n
+ o(

1

n
)

)
} =

= exp{ lim
n→+∞

n

(
−x

2

2n
+ o(

1

n
)

)
} = exp{ lim

n→+∞
n

(
−x

2

2
+ no(

1

n
)

)
} = e−

x2

2 .

Çàäà÷à 6.3. Íàéòè limx→0

√
1+x+x2−2x+x2

x
.

lim
x→0

√
1 + x+ x2 − 2x+x

2

x
= lim

x→0

1 + x
2
+ o(x)− 1− x ln 2

x
=

1

2
− ln 2.

Çàäà÷à 6.4. Íàéòè limx→π/4(tg x)
tg 2x.

lim
x→π/4

(tg x)tg 2x = exp{ lim
x→π/4

tg 2x ln tg x} = {y = tg x} = exp{lim
y→1

2y

1− y2 ln y} =

= {y = 1 + t} = exp{lim
t→0

2(1 + t)

−t(2 + t)
ln(1 + t)} =

= exp{lim
t→0

2(1 + t)

−t(2 + t)
(t+ o(t))} = e−1

Ìåòîä òîæäåñòâåííîãî àëãåáðàè÷åñêîãî ïðåîáðàçîâàíèÿ
ïîäûíòåãðàëüíîé ôóíêöèè

Çàäà÷à 6.5. Íàéòè
∫
(1− 1

x2
)
√
x
√
xdx.∫

(1− 1

x2
)

√
x
√
xdx =

∫
(1− x−2)x3/4dx =

∫
x3/4dx−

∫
x−5/4dx =

4

7
x

7
4 + 4x−

1
4 + C.

Çàäà÷à 6.6. Íàéòè
∫

x2

1+x2
dx.∫

x2

1 + x2
dx =

∫ (
1− 1

1 + x2

)
dx = x− arctg x+ C.
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Çàäà÷à 6.7. Íàéòè
∫

2x+1−5x−1

10x
dx.∫

2x+1 − 5x−1

10x
dx = 2

∫ (
1

5

)x
dx− 1

5

∫ (
1

2

)x
dx =

=
2

ln 1
5

(
1

5

)x
− 1

5 ln 1
2

(
1

2

)x
+ C.

Ìåòîä çàìåíû ïåðåìåííîé

∫
f(g(x))h(x)dx

Åñëè g′(x) = const · h(x), ââåäåì t = g(x)è dt = g′(x)dx = const · h(x)dx

⇒
∫
f(g(x))h(x)dx =

1

const

∫
f(t)dt

Çàäà÷à 6.8. Íàéòè
∫
(2x− 3)100dx.∫

(2x− 3)100dx =
1

2

∫
(2x− 3)100d(2x− 3) =

1

2

(2x− 3)101

101
+ C.

Çàäà÷à 6.9. Íàéòè
∫

dx
sin2(2x+π

4
)
.∫

dx

sin2(2x+ π
4
)
=

1

2

∫
d(2x+ π

4

sin2(2x+ π
4
)
= − 1

ctg(2x+ π
4
)
+ C.

Çàäà÷à 6.10. Íàéòè
∫

xdx
4+x4

.∫
xdx

4 + x4
=

1

4

∫
xdx

1 +
(
x2

2

)2 = {t = x2

2
} = 1

4

∫
dt

1 + t2
=

1

4
arctg

x2

2
+ C.

Çàäà÷à 6.11. Íàéòè
∫

dx
(1+x)

√
x
.

Îòâåò: 2 arctg
√
x+ C.

Çàäà÷à 6.12. Íàéòè
∫

dx√
1+e2x

.∫
dx√

1 + e2x
=

∫
e−xdx√
1 + e−2x

= {t = e−x} = −
∫

dt√
1 + t2

= ...
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Çàäà÷à 6.13. Íàéòè
∫

cosxdx√
2+cos 2x

.∫
cosxdx√
2 + cos 2x

= {t = sinx} =
∫

dt√
2 + 1− 2t2

=

∫
dt√

3− 2t2
= ...

Çàäà÷à 6.14. Íàéòè
∫
x2 8
√
1− xdx.∫

x2 8
√
1− xdx = {t = 1− x} = −

∫
(1− t2)t1/8dt = ...

Çàäà÷à 6.15. Íàéòè
∫

dx
sin2 x+2 cos2 x

.∫
dx

sin2 x+ 2 cos2 x
=

∫
dx

sin2 x(1 + (
√
2 ctg x)2)

= {t =
√
2 ctg x} = 1√

2

∫
dt

1 + t2
=

=
1√
2
arctg(

√
2 ctg x) + C.

Çàäà÷à 6.16. Íàéòè
∫
sin4 xdx.∫

sin4 xdx =

∫
(sin2 x)2dx =

∫ (
1− cos 2x

2

)2

dx =

=
1

4

∫
(1− 2 cos 2x+ cos2 2x)dx =

1

4

∫
(1− 2 cos 2x+

1 + cos 4x

2
)dx =

=
3

8
x− 1

4
sin 2x+

1

32
sin 4x+ C.

Çàäà÷à 6.17. Íàéòè
∫
sin5 xdx.∫

sin5 xdx = −
∫

sin4 xd cosx = −
∫
(1− cos2 x)2d cosx = {t = cosx} =

= −
∫

(1− t2)2dt =
∫

(−1 + 2t2 − t4)dt = −t+ 2t3

3
− t5

5
+ C =

= − cosx+
2 cos3 x

3
− cos5 x

5
+ C.

Çàäà÷à 6.18. Íàéòè
∫

sinxdx√
cos3 x

.∫
sinxdx√
cos3 x

= −
∫

d cosx√
cos3 x

= {t = cosx} = −
∫

dt

t3/2
= 2t−1/2 + C =

2√
cosx

+ C.
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Ðàññìîòðèì èíòåãðàë îáùåãî âèäà:
∫
sinα x cosβ xdx

1) Åñëè ïðè çàìåíå sinx → − sinx ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåîáðàçóåòñÿ
f(x)→ −f(x), òî äåëàåì çàìåíó t = cosx.

2) Åñëè ïðè çàìåíå cosx → − cosx ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåîáðàçóåòñÿ
f(x)→ −f(x), òî äåëàåì çàìåíó t = sinx.

3) Åñëè ïðè çàìåíå sinx → − sinx è cosx → − cosx ïîäûíòåãðàëüíàÿ ôóíêöèÿ
ïðåîáðàçóåòñÿ f(x)→ f(x), òî äåëàåì çàìåíó t = tg x.

Çàäà÷à 6.19. Íàéòè
∫

dx
sin2 x cos4 x

.

Âñïîìíèì ôîðìóëû: sinx =
tg x√

1 + tg2 x
è cosx =

1√
1 + tg2 x∫

dx

sin2 x cos4 x
=

∫
d tg x

sin2 x cos2 x
=

∫
d tg x
tg2 x

(1+tg2 x)2

=

∫
(1 + t2)2dt

t2
= ...

Ìåòîä ïîäñòàíîâêè

∫
f(x)dx = {x = h(t)} =

∫
f(h(t))h′(t)dt

Çàäà÷à 6.20. Íàéòè
∫

dx
(x2+a2)3/2

, a > 0.∫
dx

(x2 + a2)3/2
= {x = a tg t, t ∈ (−π

2
;
π

2
)} =

∫
adt

cos2 ta3 1
cos3 t

=
1

a2

∫
cos tdt =

=
1

a2
sin(arctg

x

a
) + C =

1

a2

x
a√

1 + x2

a2

+ C =
1

a2
x√

a2 + x2
+ C.

Èíòåãðèðîâàíèå ïî ÷àñòÿì

Çàäà÷à 6.21. Íàéòè
∫
xe−xdx.∫

xe−xdx = {u = x, dv = e−xdx} = −xe−x +
∫
e−xdx.
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Çàäà÷à 6.22. Íàéòè
∫

arcsinx
x2

dx.∫
arcsinx

x2
dx = {u = arcsinx, dv =

dx

x2
} = −arcsinx

x
+

∫
dx

x
√
1− x2

Ïóñòü
√
1− x2 = t, òîãäà xdx = −tdt∫

dx

x
√
1− x2

=

∫ −tdt√
1− t2t

= −
∫

1√
1− t2

dt = − arcsin(
√
1− x2) + C.

Çàäà÷à 6.23. Íàéòè
∫

xearctg x

(1+x2)3/2
dx.

I =

∫
xearctg x

(1 + x2)3/2
dx = {u = earctg x, dv =

xdx

(1 + x2)3/2
} = e− arctg x

√
1 + x2

+

∫
earctg xdx

(1 + x2)3/2
=

= {u = earctg x, dv =
dx

(1 + x2)3/2
} = −e

arctg x

√
1 + x2

+
xearctg x√
1 + x2

− I

⇒ I =
(x− 1)earctg x

2
√
1 + x2

+ C.

Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

Pn(x)

Qm(x)
, m > n

Çàäà÷à 6.24. Íàéòè
∫

xdx
(x3+1)(x+1)

.∫
xdx

(x3 + 1)(x+ 1)
=

∫
xdx

(x+ 1)2(x2 − x+ 1)
= ...

x

(x+ 1)2(x2 − x+ 1)
=

A

x+ 1
+

B

(x+ 1)2
+

Mx+N

x2 − x+ 1
=

=
(A+M)x3 + (B + 2M +N)x2 + (−B +M + 2N)x+ A+B +N

(x3 + 1)(x+ 1)

⇒ A =M = 0, B = −1

3
, N =

1

3

... = −1

3

∫
dx

(x+ 1)2
+

1

3

∫
dx

(x2 − x+ 1)
=

1

3(x+ 1)
+

2

3
√
3
arctg

2x− 1√
3

+ C.
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Ñåìèíàð 7

Çàäà÷à 7.1. Íàéòè
∫

Mx+N
x2−x+1

dx.∫
Mx+N

x2 − x+ 1
dx =M

∫
xdx

x2 − x+ 1
+N

∫
dx

x2 − x+ 1
=

=
M

2

∫
d(x2 − x+ 1)

x2 − x+ 1
+

(
M

2
+N

)∫
dx

x2 − x+ 1

∗
(
M

2
+N

)∫
dx

x2 − x+ 1
=

1

2
(M + 2N)

∫
dx(

x− 1
2

)2
+ 3

4

=

=
2

3
(M + 2N)

∫
dx(

2x−1√
3

)2
+ 1

=
M + 2N√

3
arctg

(
2x− 1√

3

)

Çàäà÷à 7.2. Ðàçëîæèòü íà ñóììó ïðîñòûõ äðîáåé −x−7
(x+1)3(x−1) .

A

x+ 1
+

B

(x+ 1)2
+

D

(x+ 1)3
+

E

x− 1

A = 1, B = 2, D = 3, E = −1

Çàäà÷à 7.3. Ðàçëîæèòü íà ñóììó ïðîñòûõ äðîáåé x2+2
x3+1

.

x2 + 2

x3 + 1
=

x2 + 2

(x+ 1)(x2 − x+ 1)
=

A

x+ 1
+

Bx+ C

x2 − x+ 1

A = 1, B = 0, C = 1

Ìåòîä çà÷åðêèâàíèÿ/çàêðûâàíèÿ

1) Çíàìåíàòåëü èìååò âåùåñòâåííûå íóëè.

2) Âñå ëèíåéíûå ìíîãî÷ëåíû äîëæíû áûòü ïðèâåäåííîãî âèäà.

Çàäà÷à 7.4. Íàéòè
∫

xdx
(x+1)(x+2)(x+3)

.∫
xdx

(x+ 1)(x+ 2)(x+ 3)
= A ln |x+ 1|+B ln |x+ 2|+D ln |x+ 3|+ C = ...

Ïðàâèëî: Åñëè íóæíî íàéòè êîýôôèöèåíò A, çàêðûâàåì (x + 1) è ïîäñòàâëÿåì â
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âûðàæåíèå êîðåíü (x = −1), ïîëó÷àåì A = −1
(−1+2)(−1+3)

= −1
2
. Åñëè íàéòè B �

çàêðûâàåì (x+ 2) è ïîäñòàâëÿåì x = −2. Äëÿ D àíàëîãè÷íî.

... = −1

2
ln |x+ 1|+ 2 ln |x+ 2| − 3

2
ln |x+ 3|+ C.

Çàäà÷à 7.5. Íàéòè
∫

xdx
(1−x)(2x+1)(3x+1)

.∫
xdx

(1− x)(2x+ 1)(3x+ 1)
= −1

6

∫
xdx

(x− 1)(x+ 1
2
)(x+ 1

3
)
=

= −1

6
(A ln |x− 1|+B ln |x+ 1

2
|+D ln |x+ 1

3
|) + C.

Çàäà÷à 7.6. Íàéòè
∫

1−x2
(2−x)(x+3)

dx.∫
1− x2

(2− x)(x+ 3)
dx = x+

3

5
ln |x− 2| − 8

5
ln |x+ 3|+ C.

Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

Ïðîñòåéøèå

À)
∫

dx√
x2±a ,

∫
dx

x
√
a2−x2 � çàìåíà âèäà

√
... = t

Á)
∫

dx√
ax2+bx+c

� âûäåëèòü ïîëíûé êâàäðàò ïîä êîðíåì

Çàäà÷à 7.7. Íàéòè
∫

dx√
1−2x−x2 .

∫
dx√

1− 2x− x2
=

∫
dx√

1− (1 + 2x+ x2) + 1
=

1√
2

∫ √
2d
(
x+1√

2

)
√
1−

(
x+1√

2

)2 =

= arcsin
x+ 1√

2
+ C.

Çàäà÷à 7.8. Íàéòè
∫

dx√
2x2−x+2

.

Îòâåò:
√
2
2
ln

∣∣∣∣∣√2x− √22 +

√(√
2x−

√
2
2

)2
+ 3

2

∣∣∣∣∣+ C.
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Äðîáíî-ëèíåéíàÿ èððàöèîíàëüíîñòü

∫
R

(
x, n

√
ax+ b

αx+ β

)
dx

Çàìåíà: n

√
ax+ b

αx+ β
= t, x =

βtn − b
a− αtn , dx =

(aβ − αb)ntn−1
(a− αtn)2 dt

Çàäà÷à 7.9. Íàéòè
∫

dx
3
√

(x+1)2(x−1)4
.

∫
dx

3
√

(x+ 1)2(x− 1)4
=

∫
dx

(x2 − 1) 3

√
x−1
x+1

= { 3

√
x− 1

x+ 1
= t} =

∫
3

2
t−2dt = − 3

2t
+ C =

= −3

2
3

√
x+ 1

x− 1
+ C.

Çàäà÷à 7.10. Íàéòè
∫

1−
√
x+1

1+ 3√x+1
dx.∫

1−
√
x+ 1

1 + 3
√
x+ 1

dx = { 6
√
x+ 1 = t} =

∫
1− t3
1 + t2

6t5dt = ...

Êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü

R(x,
√
ax2 + bx+ c)dx

I) ∫
Pn(x)√

ax2 + bx+ c
dx = Qn−1(x)

√
ax2 + bx+ c+ λ

∫
dx√

ax2 + bx+ c

Pn(x) = Q′n−1(x)[ax
2 + bx+ c] +Qn−1

1

2
(ax2 + bx+ c) + λ

Çàäà÷à 7.11. Íàéòè
∫

x2+1√
−x2+3x−2dx.

x2 + 1 = A(−x2 + 3x− 2) + (Ax+B)
1

2
(−2x+ 3) + λ

A = −1

2
, B = −9

4
, λ =

27

8

⇒
∫

x2 + 1√
−x2 + 3x− 2

dx =

(
−1

2
x− 9

4

)√
−x2 + 3x− 2 +

27

8

∫
dx√

−x2 + 3x− 2
.
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II) ∫
dx

(x− α)k
√
ax2 + bx+ c

Çàìåíà x− α = t ñâîäèò èíòåãðàë ê ñëó÷àþ I)

Çàäà÷à 7.12. Íàéòè ïðîèçâîäíóþ è îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
(
2 sinx
cos 2x

)1/9
.

cos 2x 6= 0⇔ x 6= π

4
(2n+ 1), n ∈ Z

y′ =

(
2 sinx

cos 2x

)1/9
1

9
(ln 2 + ln | sinx| − ln | cos 2x|)′ =

(
2 sinx

cos 2x

)1/9
1

9
(ctg x+ 2 tg 2x).

Çàäà÷à 7.13.Íàéòè ïðîèçâîäíóþ è îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arctg(| ctg x|).

x 6= πk, k ∈ Z

y′ =
−1

1 + ctg2 x
(| ctg x|)′ = − 1

1 + ctg2 x
sign(ctg x)(

−1
sin2 x

) = sign(ctg x).

Çàäà÷à 7.14. Íàéòè ïðîèçâîäíóþ è îáëàñòü îïðåäåëåíèÿ ôóíêöèè
y = (arcsinx)arctg

√
x+1. {

x+ 1 ≥ 0

−1 ≤ x ≤ 1

Ïðè îòðèöàòåëüíûõ çíà÷åíèÿ ïåðåìåííîé x ôóíêöèÿ y(x) áóäåò îïðåäåëåíà ëèøü
â êàêèõ-òî èçîëèðîâàííûõ òî÷êàõ, ïîýòîìó çàäà÷ó íàäî ðåøàòü íà îòðåçêå x ∈ [0; 1].

y′ = y[arctg
√
x+ 1 ln(arcsinx)]′ =

= (arcsinx)arctg
√
x+1

(
ln(arcsinx)

2
√
x+ 1(2 + x)

+
arctg

√
x+ 1√

1− x2 arcsinx

)
Dy′ = (0; 1)

Çàäà÷à 7.15. Íàéòè h′(a), åñëè h(x) = (x−a)y(x), ãäå y(x) íåïðåðûâíà ïðè x = a.

h′(a) = lim
4x→0

h(a+4x)− h(a)
4x = lim

4x→0

(a+4x− a)y(a+4x)
4x =

= lim
4x→0

y(a+4x) = {ïî îïðåäåëåíèþ íåïðåðûâíîñòè} = y(a).

34

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Çàäà÷à 7.16. Äàíî y = sin4 x, íàéòè y(40).

sin4 x = (sin2 x)2 =

(
1− cos 2x

2

)2

=
1

4
(1− 2 cos 2x+ cos2 2x) =

=
1

4
(1− 2 cos 2x+

1 + cos 4x

2
) =

1

8
(3− 4 cos 2x+ cos 4x)

y(40) =
1

8
(3− 4 cos 2x+ cos 4x)(40) = −1

2
240 cos(2x+

40π

2
) +

1

8
440 cos(4x+

40π

2
) =

= −239 cos(2x) + 277 cos(4x).

Çàäà÷à 7.17.Äàíà ñëîæíàÿ ôóíêöèÿ y = f(h(x)), âû÷èñëèòü d3y ÷åðåç ïðîèçâîäíûå
îò f ïî h è äèôôåðåíöèàëû dh.

dy = f ′hdh

d2y = f ′′h (dh)
2 + f ′hd

2h

d3y = f ′′′h (dh)
3 + f ′′h2dhd

2h+ f ′′hdhd
2h+ f ′hd

3h

III) ∫
(Mx+N)dx

(τx2 + px+ q)my
, ãäå y =

√
ax2 + bx+ c

1) ×àñòíûé ñëó÷àé (p = b = 0):∫
(Mx+N)dx

(τx2 + q)m
√
ax2 + c

=M

∫
xdx

(τx2 + q)m
√
ax2 + c

+N

∫
dx

(τx2 + q)m
√
ax2 + c

â ïåðâîì èíòåãðàëå äåëàåì çàìåíó
√
ax2 + c = t, à âî âòîðîì âûíîñèì èç-ïîä êîðíÿ

x2 è äåëàåì çàìåíó
√
a+ c

x2
= u.

2) Îáùèé ñëó÷àé ñâîäèòñÿ ê ÷àñòíîìó ïîäñòàíîâêîé Àáåëÿ x = µt+ν
t+1

:{
Pt = 2τµν + p(µ+ ν) + 2q = 0

Bt = 2aµν + b(µ+ ν) + 2c = 0
ïðè

∣∣∣∣∣τ p

a b

∣∣∣∣∣ 6= 0

Åñëè τ = a, p = b 6= 0⇒ x = t− p

2τ
= t− b

2a

Ïðèìåð. Íàéòè
∫ (2x+1)dx

(3x2+4x+4)
√
x2+6x−1 .{

6µν + 4(µ+ ν) + 8 = 0

µν + 6(µ+ ν)− 2 = 0
⇒
[
µ = 2

ν = −1
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∫
R(sinx, cosx)dx, ðåøàåòñÿ óíèâåðñàëüíîé çàìåíîé: tg

x

2
= t

Çàäà÷à 7.18. Íàéòè
∫

dx
1+ 1

2
cosx

.∫
dx

1 + 1
2
cosx

=

∫
dx

1
2
+ 1+cosx

2

= 2

∫
dx

1 + 2 cos2 x
2

= 2

∫ dx
cos2 x

2

1
cos2 x

2
+ 2

= 4

∫
d tg x

2

tg2 x
2
+ 3

=

=
4√
3

∫ d t√
3(

t√
3

)2
+ 1

=
4√
3
arctg

tg x
2√
3
+ C.

Çàäà÷à 7.19. Íàéòè
∫

dx
sin(x+a) sin(x+b)

, (a− b) 6= 2πn.∫
dx

sin(x+ a) sin(x+ b)
=

1

sin(a− b)

∫
sin(a− b)dx

sin(x+ a) sin(x+ b)
=

=
1

sin(a− b)

∫
sin(a− b+ x− x)dx
sin(x+ a) sin(x+ b)

= ...

∗ sin((a+ x)− (b+ x)) = sin(a+ x) cos(b+ x)− cos(a+ x) sin(b+ x)

... =
1

sin(a− b)

[∫
d sin(a+ x)

sin(a+ x)
−
∫
d sin(b+ x)

sin(b+ x)

]
.

Çàäà÷à 7.20. Íàéòè
∫

dx
a sinx+b cosx

.
a√

a2 + b2
= cos θ

b√
a2 + b2

= sin θ∫
dx

a sinx+ b cosx
=

1√
a2 + b2

∫
dx

sin(x+ θ)
=

ln
∣∣tg x+θ

2

∣∣
√
a2 + b2

+ C.

Çàäà÷à 7.21. Íàéòè
∫

sin2 x−sinx cosx+3 cos2 x
sinx+cosx

dx.∫
sin2 x− sinx cosx+ 3 cos2 x

sinx+ cosx
dx = A sinx+B cosx+ λ

∫
dx

sinx+ cosx

A cosx(sinx+ cosx)−B sinx(sinx+ cosx) + λ =

= A cos2 x+ (A−B) sinx cosx−B sin2 x+ λ(cos2 x+ sin2 x)
A+ λ = 3

A−B = −4
λ−B = 1

⇒ A = −1, B = 3, λ = 4

36

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Ñåìèíàð 8

Îïðåäåëåííûé èíòåãðàë

∫ b

a

f(x)dx = F (x)

∣∣∣∣b
a

= F (b)− F (a)

∫ b

a

f(x)dx = F (x)

∣∣∣∣b
c+0

+ F (x)

∣∣∣∣c−0
a

= F (b)− F (a) + lim
x→c−0

F (x)− lim
x→c+0

F (x)

Çàäà÷à 8.1. Íàéòè
∫ 1

−1 d[
(
1 + 2

1
x

)−1
].∫ 1

−1
d[
(
1 + 2

1
x

)−1
] =

(
1 + 2

1
x

)−1 ∣∣∣∣1
0+0

+
(
1 + 2

1
x

)−1 ∣∣∣∣0−0
−1

=

=
1

3
− 2

3
− lim

x→0+0

(
1 + 2

1
x

)−1
+ lim

x→0−0

(
1 + 2

1
x

)−1
=

2

3
.

Arctg φ(x)

∣∣∣∣b
a

= arctg φ(x)

∣∣∣∣b
a

+ kπ,

k � ÷èñëî ïåðåõîäîâ ôóíêöèè φ(x) ÷åðåç áåñêîíå÷íîñòü

Çàäà÷à 8.2. Íàéòè
∫ 2π

0
dx

1+ 1
2
cosx

.∫ 2π

0

dx

1 + 1
2
cosx

=
4√
3
Arctg

(
tg x

2√
3

) ∣∣∣∣2π
0

=
4√
3
[0 + 1 · π] = 4π√

3
.

Çàäà÷à 8.3. Íàéòè
∫ ln 2

0
xe−xdx.∫ ln 2

0

xe−xdx = {u = x, dv = e−xdx} = −xe−x
∣∣∣∣ln 2

0

+

∫ ln 2

0

e−xdx = −1

2
ln 2− 1

2
+ 1 =

=
1

2
(1− ln 2) =

1

2
ln
e

2
.

Çàäà÷à 8.4. Íàéòè
∫ e

1
e
| lnx|dx.∫ e

1
e

| lnx|dx = −x ln x
e

∣∣∣∣1
1
e

+ x ln
x

e

∣∣∣∣e
1

= 1− 2

e
+ 1 = 2

(
1− 1

e

)
.
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Çàäà÷à 8.5. Íàéòè
∫ a
0
x2
√
a2 − x2dx.

Ïóñòü x = a sin t, ãäå t ∈ [0; π
2
].∫ a

0

x2
√
a2 − x2dx =

∫ π
2

0

a2 sin2 t
√
a2 − a2 sin2 td(a sin t) = a4

∫ π
2

0

sin2 t cos2 tdt =

=
a4

4

∫ π
2

0

sin2 2tdt =
a4

8

∫ π
2

0

(1− cos 4t)dt =
a4π

16
.

Çàäà÷à 8.6. Íàéòè
∫ 1

e−2πn

∣∣ d
dx
[cos(ln 1

x
)]
∣∣ dx.∫ 1

e−2πn

∣∣∣∣ ddx [cos(ln 1

x
)]

∣∣∣∣ dx =

∫ 1

e−2πn

∣∣∣∣− sin(ln
1

x
)x

(
− 1

x2

)∣∣∣∣ dx =

∫ 1

e−2πn

∣∣∣∣sin(ln 1

x
)
1

x

∣∣∣∣ dx =

= {1
x
= et, dx = −e−tdt} =

∫ 0

2πn

| sin tet|(−e−t)dt = −
∫ 0

2πn

| sin t|dt =
∫ 2πn

0

| sin t|dt =

= 2n

∫ π

0

sin tdt = −2n cos t
∣∣∣∣π
0

= 4n.

Çàäà÷à 8.7. Íàéòè
∫ π
0

x sinx
1+cos2 x

dx.∫ π

0

x sinx

1 + cos2 x
dx =

∫ π
2

0

x sinx

1 + cos2 x
dx+

∫ π

π
2

x sinx

1 + cos2 x
dx =

= {t = π − x âî âòîðîì èíòåãðàëå} =
∫ π

2

0

x sinx

1 + cos2 x
dx−

∫ 0

π
2

(π − t) sin tdt
1 + cos2 t

=

=

∫ π
2

0

x sinx

1 + cos2 x
dx− π

∫ 0

π
2

sin tdt

1 + cos2 t
−
∫ π

2

0

t sin t

1 + cos2 t
dt = −π

∫ 0

π
2

sin tdt

1 + cos2 t
= ...

Çàäà÷à 8.8. Íàéòè
∫ 2π

0
dx

sin4 x+cos4 x
.

∗ sin4 x+ cos4 x = (cos2 x)2 + (sin2 x)2 + 2 cosx sin2 x− 2 cosx sin2 x =

= (cos2 x+ sin2 x)2 − 2 cosx sin2 x = 1− 1

2
sin2 2x = sin2 2x

(
1

sin2 2x
− 1

2

)
=

= sin2 2x

(
ctg2 2x+

1

2

)
=

1

2
sin2 2x(1 + (

√
2 ctg 2x)2)

∫ 2π

0

dx

sin4 x+ cos4 x
= − 1√

2

∫ 2π

0

d(
√
2 ctg 2x)

1 + (
√
2 ctg 2x)2

=
1√
2
Arcctg(

√
2 ctg 2x)

∣∣∣∣2π
0

=

=
1√
2

[
lim

x→2π−0
arcctg(

√
2 ctg 2x)− lim

x→0+0
arcctg(

√
2 ctg 2x) + 3π

]
=

=
1√
2
[π − 0 + 3π] = 2

√
2π.
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d

dx

∫ ψ(x)

φ(x)

f(t)dt =
d

dx

[
F (t)

∣∣∣∣ψ(x)
φ(x)

]
=

d

dx
[F (ψ(x))− F (φ(x))] =

= f(ψ(x))ψ′(x)− f(φ(x))φ′(x)

Çàäà÷à 8.9. Íàéòè d
dx

∫ x3
7−x e

t2dt.

Îòâåò: 3x2ex
6
+ e(7−x)

2
.

Çàäà÷à 8.10. Íàéòè d
dx

∫ 1−cosx
sin 1

x
x sin t2dt.

d

dx

∫ 1−cosx

sin 1
x

x sin t2dt =
d

dx
x

∫ 1−cosx

sin 1
x

sin t2dt =

=

∫ 1−cosx

sin 1
x

sin t2dt+ x[sin(1− cosx)2 sinx+ sin(sin
1

x
)2 cos

(
1

x

)
1

x2
].

S =

∫ b

a

|f(x)|dx

Çàäà÷à 8.11. Äàíî êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà x2

a2
+ y2

b2
= 1, íàéòè ïëîùàäü

çàøòðèõîâàííîé ôèãóðû S(Ðèñ. 7.).

Ðèñ. 7. Ýëëèïñ

y = b

√
1− x2

a2
=
b

a

√
a2 − x2

S =
a

b

∫ x1

x0

√
a2 − x2dx =

ab

2

(
arcsin

x1
a
− arcsin

x0
a

+
x1
a

√
1− x21

a2
− x0

a

√
1− x20

a2

)
Äëÿ ïðîâåðêè ïîëîæèì x0 = 0, x1 = a:

⇒ S =
ab

2

π

2
=
πab

4
⇒ SÝëëèïñà = πab
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Çàäà÷à 8.12. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îäíîé àðêîé öèêëîèäû
(Ðèñ. 8.), óðàâíåíèå êîòîðîé çàäàíî ïàðàìåòðè÷åñêè:{

x = a(t− sin t)

y = a(1− cos t)
0 ≤ t ≤ 2π

Ðèñ. 8. Öèêëîèäà

Ïîäñêàçêà: Åñëè x = φ(t), y = ψ(t), òî ñïðàâåäëèâà ôîðìóëà S =
∫ T
0
ψ(t)φ′(t)dt.

Îòâåò: 2πa2

Çàäà÷à 8.13. Íàéòè ïëîùàäü ôèãóðû, ãðàíèöû êîòîðîé çàäàíû â ïîëÿðíûõ
êîîðäèíàòàõ 

ρ =

√
3

1− cosφ
,

φ =
π

2
,

φ = π.

S =
1

2

∫ π

π
2

3

(1− cosφ)2
dφ =

3

2

∫ π

π
2

dφ(
1− 1−tg2 φ

2

1+tg2 φ
2

)2 =
3

2

∫ π

π
2

(1 + tg2 φ
2
)2

(2 tg2 φ
2
)2

dφ =

= {tg φ
2
= t} = 3

∫ +∞

1

1 + t2

4t4
=

3

4

(
t−3

3
− t−1

) ∣∣∣∣+∞
1

=
3

4
(1/3 + 1) = 1.

Çàäà÷à 8.14. (Çàäà÷à Àðõèìåäà) Èç ñîñóäà öèëèíäðè÷åñêîé ôîðìû ðàäèóñà a è
âûñîòû h âûòåêàåò æèäêîñòü. Äîêàçàòü, ÷òî â ìîìåíò, êîãäà îáíàæèòñÿ ïîëîâèíà
äíà, îáúåì îñòàâøåéñÿ æèäêîñòè áóäåò ðàâåí 2

3
a2h.

V =

∫ b

a

S(x)dx

40

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Ðèñ. 9. Ê çàäà÷å 8.14.

V =

∫ a

0

hx

a
2
√
a2 − x2dx = {x = a sin t, t ∈ [0;

π

2
]} =

=

∫ π
2

0

h(sin t)2
√
a2 − a2 sin2 ta cos tdt = 2ha2

∫ π
2

0

sin t cos2 tdt =

= −2ha2
∫ π

2

0

cos2 td(cos t) =
2

3
ha2.

Ìàññà òåëà: m =

∫
ρ(x)

 dldS
dV

Ñòàòè÷åñêèé ìîìåíò

Ïëîñêàÿ êðèâàÿ:

Mx =

∫
ydl, My =

∫
xdl

Ïëîñêàÿ ôèãóðà:

Mx =
1

2

∫
y2dx, My =

∫
xydx

Îáúåìíîå òåëî:

Mzy =

∫
xS(x)dx
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Ìîìåíò èíåðöèè

Ïëîñêàÿ êðèâàÿ:

Jx =

∫
y2dl, Jy =

∫
x2dl

Ïëîñêàÿ ôèãóðà:

Jx =
1

3

∫
y3dx, Jy =

∫
x2ydx

Îáúåìíîå òåëî:

Jzy =

∫
x2S(x)dx
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Ñåìèíàð 9

Çàäà÷à 9.1.Íàéòè ñòàòè÷åñêèé ìîìåíòMx è ìîìåíò èíåðöèè Jx ðàâíîáåäðåííîãî
òðåóãîëüíèêà îòíîñèòåëüíî åãî îñíîâàíèÿ (îñíîâàíèå 2b, âûñîòà h, ïëîòíîñòü ρ = 1).

Ðèñ. 10. Ê çàäà÷å 9.1.

y1 =
h

b
x

y2 = 2h− h

b
x

Mx =
1

2

∫ b

0

y21dx+
1

2

∫ 2b

b

y22dx =
1

3
bh2

Jx =
1

6
b3h

Ïðàâèëî Ëîïèòàëÿ

Ïóñòü äàíû äâå ôóíêöèè f(x) è g(x). È âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1)f(x), g(x) îïðåäåëåíû â îêðåñòíîñòè òî÷êè x = a çà èñêëþ÷åíèåì, áûòü ìîæåò,

ñàìîé ýòîé òî÷êè. È áîëåå òîãî limx→a f(x) = limx→a g(x) = 0;
2) ∃f ′(x), g′(x) â îêðåñòíîñòè òî÷êè x = a çà èñêëþ÷åíèåì, áûòü ìîæåò, ñàìîé

ýòîé òî÷êè. È áîëåå òîãî g′(x) 6= 0;

3) ∃ limx→a
f ′(x)
g′(x)

.

Òîãäà
1) ∃ limx→a

f(x)
g(x)

;

2) ∃ limx→a
f(x)
g(x)

= limx→a
f ′(x)
g′(x)

.

Çàäà÷à 9.2. Íàéòè limx→+∞
x−sinx
x+sinx

.

Ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ íåëüçÿ!

lim
x→+∞

x− sinx

x+ sinx
= lim

x→+∞

1− sinx
x

1 + sinx
x

= 1.
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Çàäà÷à 9.3. Íàéòè limx→0
sin ax
sin bx

.

lim
x→0

sin ax

sin bx
= lim

x→0

a cos ax

b cos bx
=
a

b
.

Çàäà÷à 9.4. Íàéòè limx→π
2

tg 3x
tg x

.

Îòâåò: 1
3
.

Çàäà÷à 9.5. Íàéòè limx→+0 x lnx.

lim
x→+0

x lnx = lim
x→+0

lnx
1
x

= lim
x→+0

1
x

− 1
x2

= lim
x→+0

(−x) = 0.

Çàäà÷à 9.6. Íàéòè limx→0
e
− 1
x2

x100
.

lim
x→0

e−
1
x2

x100
= lim

x→0

(
exp{− 1

x2
− 100 ln |x|}

)
= exp{− lim

x→0

(
1 + x2100 ln |x|

x2

)
} = 0.

Çàäà÷à 9.7. Íàéòè limx→+0 x
x.

lim
x→+0

xx = exp{ lim
x→+0

x lnx} = 1.

Çàäà÷à 9.8. Íàéòè limx→1(2− x)tg
πx
2 .

lim
x→1

(2− x)tg πx2 = exp{lim
x→1

tg
πx

2
ln(2− x)} = exp{lim

x→1

sin πx
2

cos πx
2

πx

2
ln(2− x)} =

= exp{lim
x→1

(
π
2
cos πx

2
ln(2− x)− sin πx

2
1

2−x

−π
2
sin πx

2

)
} = e

2
π .

Ôîðìóëà Òåéëîðà

Ïóñòü ∃ f (n+1)(x) â îêðåñòíîñòè òî÷êè x = a, òîãäà äëÿ ýòîé ôóíêöèè f(x)
ñïðàâåäëèâî ïðåäñòàâëåíèå

f(x) =
n∑
k=0

1

k!
f (k)(a)(x− a)k +Rn+1(x).

Îñòàòî÷íûé ÷ëåí â ôîðìå Ïèàíî: o ((x− a)n)

44

ВОЛЬНОЕ ДЕЛО
Ф О Н Д

https://vk.com/teachinmsu


ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Â ôîðìå Øë¼ìèëüõà-Ðîøà:

Rn+1(x) =

(
x− a
x− ξ

)p
(x− ξ)n+1

n!p
f (n+1)(ξ), ξ ∈ (a;x)

èëè

Rn+1(x) =
1

pn!
(x− a)n+1(1− θ)n−p+1f (n+1)(a+ θ(x− a)), θ ∈ (0; 1)

Â ôîðìå Ëàãðàíæà (p = n+ 1):

Rn+1(x) =
(x− a)n+1

(n+ 1)!
f (n+1)(a+ θ(x− a))

Â ôîðìå Êîøè (p = 1):

Rn+1(x) =
1

n!
(x− a)n+1(1− θ)nf (n+1)(a+ θ(x− a))

Çàäà÷à 9.9. Ðàçëîæèòü äî ïîðÿäêà x3 â îêðåñòíîñòè òî÷êè x = 0 ôóíêöèþ
y = sin(sinx), îñòàòî÷íûé ÷ëåí çàïèñàòü â ôîðìå Ïèàíî.
Îòâåò: x− 1

3
x3 + o(x3).

Çàäà÷à 9.10. Âû÷èñëèòü ñ ïîìîùüþ ðàçëîæåíèÿ â ðÿä Òåéëîðà 3
√
30.

Ïóñòü y = x
1
3 , x0 = 27, 4x = 3

3
√
30 = 271/3 +

1

3
27−2/3 · 3− 1

9
27−5/3 · 32 + ... = 3 +

1

9
− 1

35
+ ...

Çàäà÷à 9.11. Íàéòè limx→0
cosx−e−

x2

2

x4
.

lim
x→0

cosx− e−x
2

2

x4
= lim

x→0

1− x2

2
+ x4

24
− 1 + x2

2
− x4

8
+ o(x4)

x4
= − 1

12
.

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ôóíêöèÿ f(x) ïðè x = c èìååò ëîêàëüíûé ìàêñèìóì,

åñëè ∃ε > 0 : ∀x ∈
◦
U ε f(x) < f(c).

Òåîðåìà. Åñëè ôóíêöèÿ èìååò ëîêàëüíûé ìàêñèìóì â òî÷êå x = c, òî ëèáî
f ′(c) = 0, ëèáî f ′(c) íå ñóùåñòâóåò.

Òåîðåìà. Ïóñòü â îêðåñòíîñòè òî÷êè âîçìîæíîãî ýêñòðåìóìà x = c ôóíêöèÿ
èìååò ïðîèçâîäíóþ, åñëè ïðè ïåðåõîäå ÷åðåç ýòó òî÷êó â ñòîðîíó âîçðàñòàíèÿ
ïåðåìåííîé x çíàê ïðîèçâîäíîé ìåíÿåòñÿ ñ ¾+¿ íà ¾-¿ (ñ ¾-¿ íà ¾+¿), òî â òî÷êå c
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ëîêàëüíûé ìàêñèìóì (ìèíèìóì). Íî åñëè çíàê ïðîèçâîäíîé íå ìåíÿåòñÿ, òî
ëîêàëüíîãî ýêñòðåìóìà íåò.
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Ñåìèíàð 10

Èññëåäîâàíèå ôóíêöèé íà ýêñòðåìóì

Çàäà÷à 10.1.×åðåç òî÷êó C ñ êîîðäèíàòàìè (1; 2) ïðîâåñòè ïðÿìóþ, ðàâíîóäàëåí-
íóþ îò òî÷åê A(2; 3) è B(4; 5).
Ðåøåíèå: Ñäåëàâ ðèñóíîê ê çàäà÷å, ìû âèäèì, ÷òî ñóùåñòâóåò äâà ðåøåíèÿ:

Ðèñ. 11. Ê çàäà÷å 10.1.

1)ïðÿìàÿ ïðîõîäèò ÷åðåç òî÷êó C ïàðàëëåëüíî îòðåçêó AB;
2)ïðÿìàÿ ïðîõîäèò ÷åðåç öåíòð îòðåçêà AB è òî÷êó C.

y − 2 = k(x− 1), óðàâíåíèå ∀ ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó C.

Äàëåå îñòàåòñÿ âîñïîëüçîâàòüñÿ íîðìèðîâàííûì óðàâíåíèåì ïðÿìîé

y − kx+ (k − 2)

±
√
1 + k2

= 0.

Îòâåò: k = −4 è k = −3
2
.

Çàäà÷à 10.2. ×åðåç òî÷êó ñ êîîðäèíàòàìè (−1; 2) ïðîâåñòè ïðÿìóþ, ðàññòîÿíèå
îò êîòîðîé äî òî÷êè (6; 1) ðàâíî 5.
Ïîäñêàçêà: Çàïèñàòü óðàâíåíèå ∀ ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó (−1; 2), â

íîðìàëüíîì âèäå
y − 2 = k(x+ 1)

y − kx+ (−k − 2)

±
√
1 + k2

= 0

Çàäà÷à 10.3. Èññëåäóéòå íà ýêñòðåìóì ôóíêöèþ y = arcsin 2−x
1+x2

.

y′ =
2 sign(1− x2)

1 + x2

Îòâåò: ìàêñèìóì â òî÷êå x = 1 è ìèíèìóì â x = −1.

Àëãîðèòì ïîñòðîåíèÿ ãðàôèêà ôóíêöèè y = f(x)
1) Íàéòè îáëàñòü îïðåäåëåíèÿ ôóíêöèè, óêàçàòü òå çíà÷åíèÿ x, ãäå ôóíêöèÿ íå

ñóùåñòâóåò.
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2) Îïðåäåëèòü ïîâåäåíèå ïðè x→ ±∞.
3) Ïîñìîòðåòü, ãäå ôóíêöèÿ îáðàùàåòñÿ â íîëü.
4) Èññëåäîâàòü íà ýêñòðåìóìû.

Çàäà÷à 10.4. Ïîñòðîèòü ãðàôèê ôóíêöèè y = (x+ 2)
2
3 − (x− 2)

2
3 .

y(−x) = (−x+ 2)
2
3 − (−x− 2)

2
3 = −(x+ 2)

2
3 + (x− 2)

2
3 = −y(x)

Òàêèì îáðàçîì, ôóíêöèÿ íå÷åòíàÿ (äîñòàòî÷íî ïîñìîòðåòü å¼ íà ïîëîâèíå âåùåñòâåííîé
îñè).

lim
x→+∞

(x+ 2)
2
3 − (x− 2)

2
3 = lim

x→+∞

(x+ 2)2 − (x− 2)2

(x+ 2)4/3 + (x2 − 4)2/3 + (x− 2)4/3
= 0.

Çàäà÷à 10.5. Íàéòè àñèìïòîòèêó ôóíêöèè y = (x + 2)e
1
x íà ïîëîæèòåëüíîé

áåñêîíå÷íîñòè.

lim
x→+∞

y

x
= 1

lim
x→+∞

(y − x) = lim
x→+∞

[(x+ 2)e
1
x − x] = 3

Îòâåò: y = x+ 3.

Çàäà÷à 10.6. Íàéòè îáúåì ýëëèïñîèäà x2

a2
+ y2

b2
+ z2

c2
= 1.

Ïóñòü x = const, òîãäà â ñå÷åíèè áóäóò ýëëèïñû

y2(
b
√

1− x2

a2

)2 +
z2(

c
√

1− x2

a2

)2 = 1

Sñå÷(x) = πbc(1− x2

a2
)

V =

∫ a

−a
Sñå÷dx = πbc

∫ a

−a
(1− x2

a2
)dx = πbc(x− x3

3a2
)

∣∣∣∣a
−a

= πbc(2a− 2a

3
) =

4

3
πabc.

Îáúåì òåë âðàùåíèÿ

Ðèñ. 12. Òèï À
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Ðèñ. 13. Òèï Â

Òèï À (Ðèñ.12.): V = π

∫ b

a

f 2(x)dx

Òèï B (Ðèñ.13.): V = π

∫ b

a

[
f 2
1 (x)− f 2

2 (x)
]
dx

Çàäà÷à 10.7. Íàéòè îáúåì òåëà îãðàíè÷åííîãî òðåìÿ ïîâåðõíîñòÿìè
x2

a2
+ y2

b2
= 1, z = c

a
x, z = 0.

S(x) =
2bcx

a

√
1− x2

a2

V =
2bcx

a

∫ a

0

x

√
1− x2

a2
dx =

2

3
abc

Çàäà÷à 10.8. Íàéòè îáúåì òåëà âðàùåíèÿ, ïîëó÷åííîãî èç ôèãóðû{
y = sinx, 0 ≤ x ≤ π,

y = 0.

Âðàùåíèå âîêðóã îñè Ox:

Vx = π

∫ π

0

sin2 xdx =
π2

2

Âðàùåíèå âîêðóã îñè Oy:

Vy = 2π

∫ π

0

x sinxdx = 2π2

Çàäà÷à 10.9. Íàéòè îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì îêðóæíîñòè
x2 + (y − b)2 = a2 (0 < a ≤ b) âîêðóã îñè Ox.
Äëÿ âåðõíåé äóãè: y1 = b+

√
a2 − x2
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Äëÿ íèæíåé äóãè: y2 = b−
√
a2 − x2

Vx = π

∫ a

−a
(y21 − y22)dx = 8πb

∫ a

0

√
a2 − x2dx = 2π2a2b.

Çàäà÷à 10.10. Íàéòè ñòàòè÷åñêèé ìîìåíò è ìîìåíò èíåðöèè îäíîðîäíîé
òðåóãîëüíîé ïëàñòèíû ñ îñíîâàíèåì b è âûñîòîé h.

Ðèñ. 14. Ê çàäà÷å 10.10.

AB = b(1− y

h
)

4M = yb(1− y

h
)4y

4J = y2b(1− y

h
)4y

⇒M = b

∫ b

0

y
(
1− y

h

)
dy =

bh2

6

J = b

∫ b

0

y2
(
1− y

h

)
dy =

bh3

12

Çàäà÷à 10.11. Íàéòè
∫

dx
x+
√
x2−x+1

.

Ïîäñêàçêà. Íóæíî ñäåëàòü ïîäñòàíîâêó Ýéëåðà
√
x2 − x+ 1 = t− x:∫

dx

x+
√
x2 − x+ 1

= {x =
t2 − 1

2t− 1
} =

∫
2t2 − 2t+ 2

t(2t− 1)2
dt = ...

Çàäà÷à 10.12. Äëÿ âñåõ âåùåñòâåííûõ çíà÷åíèé a, b, c íàéòè ðåøåíèå ñèñòåìû
óðàâíåíèé 

xy + yz = a2,

yz + xz = b2,

zx+ xy = c2.
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Èç êàæäîãî óðàâíåíèÿ âû÷òåì äâà îñòàëüíûõ è ïîëó÷èâøååñÿ óðàâíåíèÿ ïîäåëèì
íà äâîéêó: 

xz =
−a2 + b2 + c2

2
≡ α

xy =
a2 − b2 + c2

2
≡ β

yz =
a2 + b2 − c2

2
≡ γ

Ïåðåìíîæèì âñå òðè ïîëó÷åííûõ óðàâíåíèÿ

x2y2z2 = αβγ ⇒ Åñëè αβγ < 0 ðåøåíèé íåò

|xyz| =
√
αβγ

à) αβγ > 0, òîãäà

x = ±
√
αβ

γ

y = ±
√
βγ

α

z = ±
√
αγ

β

á) αβγ = 0, òîãäà íóæíî ðàññìîòðåòü ñåìü ñëó÷àåâ:
1) α = 0, βγ 6= 0
2) β = 0, αγ 6= 0
3) γ = 0, αβ 6= 0
4) α = β = 0, γ 6= 0
5) β = γ = 0, α 6= 0
6) α = γ = 0, β 6= 0
7) α = β = γ = 0
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Ñåìèíàð 11

Äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ

Çàäà÷à 11.1. Ôóíêöèÿ y(x) çàäàíà ïàðàìåòðè÷åñêè x(t) = 2t− t2, y(t) = 3t− t3.
Íàéòè y′, y′′, y′′′.

Ïî Ëåéáíèöó: y′ =
dy

dx
=

(3− 3t2)dt

(2− 2t)dt
=

3(1− t2)
2(1− t) =

3

2
(1 + t), t 6= 1

y′′ =
d

dx
(y′) =

3
2
dt

2(1− t)dt =
3

4

1

1− t
Àíàëîãè÷íî íàõîäèòñÿ y′′′

Çàäà÷à 11.2. Çàäàíà ôóíêöèÿ y(x) = x cos 2x. Íàéòè d10y.

d10y =
10∑
k=0

Ck
10d

kxd10−k cos 2x = xd10(cos 2x) + dxd9(cos 2x) =

= (dx)10[x(− cos 2x)210 − 10(sin 2x)29].

Çàäà÷à 11.3. Çàäàíà ôóíêöèÿ y(x) = 1
x2−3x+2

. Íàéòè y(n).

y =
1

x2 − 3x+ 2
=

1

(x− 2)(x− 1)
=

(x− 1)− (x− 2)

(x− 2)(x− 1)
=

1

x− 2
− 1

x− 1

y(n) = (−1)nn!
(

1

(x− 2)n+1
− 1

(x− 1)n+1

)

Òåîðåìà Ëàãðàíæà. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà ñåãìåíòå [a; b] è
äèôôåðåíöèðóåìà íà èíòåðâàëå (a; b), òî ∃ c ∈ (a; b), ÷òî ñïðàâåäëèâà ôîðìóëà

f(b)− f(a) = f ′(c)(b− a)

Çàäà÷à 11.4. Äîêàçàòü, ÷òî äëÿ 0 < a < b ñïðàâåäëèâî ñîîòíîøåíèå
1− a

b
< ln a

b
< b

a
− 1.

Ïóñòü y = ln(x), òîãäà ln(b)− ln(a) =
1

c
(b− a)

c ∈ (a; b)⇒ 1

c
(b− a) < (b− a)

a
è
1

c
(b− a) > (b− a)

b

⇒ ln
b

a
<
b

a
− 1 è ln

b

a
> 1− a

b
÷òî è ò. ä.
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Ïðîñòåéøàÿ òðèãîíîìåòðèÿ

Çàäà÷à 11.5. Ðåøèòü óðàâíåíèå sin(5 arcctg 3x) = 1.

Ïóñòü 5 arcctg 3x = t, sin t = 1⇒ t =
π

2
+ 2πn, n ∈ Z

Ïóñòü 3x = u, t = 5arcctg u, ò. ê. arcctg u ∈ (0;π)⇒ t ∈ (0; 5π)

⇒ arcctg u =


1

5

π

2
1

5
(
π

2
+ 2π)

1

5
(
π

2
+ 4π)

⇒ u =


ctg

π

10
0

ctg
9π

10
= − ctg π10

Îòâåò: x1 =
1
3
ctg π

10
, x2 = 0, x3 = −1

3
ctg π

10
.

Çàäà÷à 11.6. Ðåøèòü óðàâíåíèå tg2 x = 1−cos |x|
1−sin |x| .

ò. ê. tg2 x = tg2 |x|, òî ïóñòü |x| = y ≥ 0

tg2y =
1− cos y

1− sin y

y ≥ 0

⇔


1− cos2 y

1− sin2 y
=

1− cos y

1− sin y

y ≥ 0

⇔


{
cos y = 1

y ≥ 0{
cos y = sin y

y ≥ 0 y = 2kπ, k ∈ Z0

y =
π

4
+ πn, n ∈ Z0

⇒

 x = 2kπ, k ∈ Z

x = ±
(π
4
+ πn

)
, n ∈ Z0

Çàäà÷à 11.7. Ðåøèòü óðàâíåíèå 1+ sinx+sin 2x+sin 3x = cosx− cos 2x+cos 3x.

(1 + cos 2x) + sin 2x+ (sinx+ sin 3x) = cos x+ cos 3x

2 cos2 x+ 2 sinx cosx+ 2 sin 2x cosx = 2 cos 2x cosx[
cosx = 0

cosx+ sinx+ sin 2x = cos 2x (∗)
(∗) sinx+ sin 2x = cos 2x− cosx

2 sin
3x

2
cos

x

2
= −2 sin 3x

2
sinx2

⇒


cosx = 0

sin
3x

2
= 0

tg
x

2
= −1
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Îòâåò:

x =
π

2
+ πn, n ∈ Z

x =
2kπ

3
, k ∈ Z

Çàäà÷à 11.8. Ðåøèòü óðàâíåíèå ñ ïàðàìåòðîì

(sinx+ cosx) sin 2x = a(sin3 x+ cos3 x), ãäå x ∈ [
π

2
; π].

Ïåðåïèøåì óðàâíåíèå â âèäå

(sinx+ cosx) sin 2x = a(sinx+ cosx)(1 + sin x cosx)

Òîãäà îíî ðàçîáü¼òñÿ íà äâå ñèñòåìû

sinx+ cosx = 0
π

2
≤ x ≤ π

⇒ x =
3π

4
sin 2x =

2a

2 + a
π

2
≤ x ≤ π

⇒ a ∈ [−2

3
; 0]

Îòâåò: 1) ïðè a ∈ [−2
3
; 0] x = 3π

4
, x = −1

2
arcsin 2a

2+a
+ π

2
, 1

2
arcsin 2a

2+a
+ π;

2) ïðè a ∈ (−∞;−2
3
) ∪ (0;+∞) x = 3π

4
.

Çàäà÷à 11.9. Ðåøèòü óðàâíåíèå ñ ïàðàìåòðîì sin8 x+ cos8 x = a cos2 2x,
ãäå 0 ≤ x ≤ 2π.
Ñðàçó âèäíî, ÷òî ïàðàìåòð a äîëæåí áûòü áîëüøå íóëÿ.

sin8 x+ cos8 x+ 2 sin4 x cos4 x− 2 sin4 x cos4 x = cos2 2x− 1

8
sin4 2x

⇒ cos2 2x− 1

8
sin4 2x = a cos2 2x

1

8
sin4 2x = (a− 1) cos2 2x âèäíî, ÷òî äîëæíî áûòü a ≥ 1

Îáîçíà÷èì sin2 2x = y

y2 + 8(a− 1)y + 8(a− 1) = 0

y = 4(1− a)±
√
16(a− 1)2 + 8(a− 1)

⇒ sin 2x = ±
√

4(1− a) +
√
16(a− 1)2 + 8(a− 1), ò. ê. y ≥ 0 2x = (−1)n arcsin(

√
4(1− a) +

√
16(a− 1)2 + 8(a− 1)) + πn, n = 0, 1, 2, 3

2x = (−1)n+1 arcsin(

√
4(1− a) +

√
16(a− 1)2 + 8(a− 1)) + πn, n = 1, 2, 3, 4
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Çàäà÷à 11.10. Ðåøèòü óðàâíåíèå tg x = (2 +
√
3) tg x

3
.

Ïóñòü 2 +
√
3 = a, x = 3y

tg(3y) = a tg y

∗ tg(3y) = tg(y + 2y) =
tg y + tg 2y

1− tg y tg 2y
= tg y

3− tg2 y

1− 3 tg2 y
∗

⇒

 tg y = 0

tg2 y =
a− 3

3a− 1
= 7− 4

√
3 = (2−

√
3)2

Îòâåò: 1) x = 3πn, n ∈ Z;
2) x = ±3 arctg(2−

√
3) + 3πk, k ∈ Z.

Çàäà÷à 11.11. Íàéòè ïðîèçâîäíóþ y = x · |x|.
1) x 6= 0 ìîæåì ïðèìåòèòü ïðàâèëî äèô-íèÿ ïðîèçâåäåíèÿ ôóíêöèé

y′ = |x|+ x signx = 2|x|

2) x = 0 âîñïîëüçóåìñÿ îïðåäåëåíèåì ïðîèçâîäíîé

y′(0) = lim
4x→0

f(4x)− f(0)
4x = 0

Îòâåò: (x|x|)′ = 2|x|, ∀x ∈ (−∞; +∞).

Çàäà÷à 11.12. Íàéòè ïðîèçâîäíóþ y = | sinx|.

| sinx| = sinx · sign(sinx)
Àíàëîãè÷íî ìîæíî ïðèìåíèòü ïðàâèëî äèôôåðåíöèðîâàíèÿ ïðîèçâåäåíèÿ ôóíêöèé
âåçäå êðîìå òî÷åê, ãäå sinx = 0. Â íèõ èñïîëüçóåì îïðåäåëåíèå ïðîèçâîäíîé

y′(kπ) = lim
4x→0

| sin(kπ +4x)|
4x = lim

4x→0

|(−1)k| sin4x|
4x = lim

4x→0

|4x+ o(4x)|
4x

Âèäíî, ÷òî ïðè x = kπ ïðåäåë íå ñóùåñòâóåò ⇔ ïðîèçâîäíîé íåò.

Çàäà÷à 11.13. Íàéòè limx→π
2
(tg x)tg 2x.

lim
x→π

2

(tg x)tg 2x = exp{ lim
x→π

2

tg 2x ln | tg x|} = exp{ lim
x→π

2

ln | tg x|
ctg 2x

} =

= {ïðàâèëî Ëîïèòàëÿ} = 1.

Çàäà÷à 11.14. Íàéòè
∫

dx
2 cos2 x−3 .∫

dx

2 cos2 x− 3
=

∫
dx

cos2 x(2− 3
cos2 x

)
= − 1√

3
arctg(

√
3 tg x) + C.
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Çàäà÷à 11.15. Íàéòè
∫

x11dx
1−x8 .∫

x11dx

1− x8 =

[
x4 = t

4x3dx = dt

]
=

1

4

∫
t2dt

1− t2 = ...

Çàäà÷à 11.16. Íàéòè
∫

dx
cos4 x

.∫
dx

cos4 x
=

∫
(1 + tg2 x)d(tg x) = {tg x = y} =

=

∫
(1 + y2)dy = y +

y3

3
+ C = tg x+

tg3 x

3
+ C.

Çàäà÷à 11.17. Íàéòè
∫

sin2 xdx
cos 2x

.∫
sin2 xdx

cos 2x
=

1

2

∫
2 sin2 xdx

cos 2x
=

1

2

∫
(2 sin2 x− 1 + 1)dx

1− 2 sin2 x
=

1

2

∫
dx

1− 2 sin2 x
− x

2
.

Çàäà÷à 11.18. Ðåøèòü óðàâíåíèå | sinx| = cosx+ 1√
2
.

Îòâåò: x = ± 5
12
π + 2kπ, k ∈ Z.

Çàäà÷à 11.19. Ðåøèòü ñèñòåìó óðàâíåíèé
| sinx| sin y = −1

4

cos(x+ y) + cos(x− y) = 3

2
0 < x < 2π, π < y < 2π.

Èçáàâèìñÿ îò ìîäóëÿ â 1-ì óðàâíåíèè ñèñòåìû (âîçâåäåíèåì â êâàäðàò) è ïåðå-
ïèøåì 2-å óðàâíåíèå (ðàñêðîåì êîñèíóñ ñóììû è êîñèíóñ ðàçíîñòè), ïîëó÷àåì

sin2 x sin2 y =
1

16

cosx cos y =
3

4
0 < x < 2π, π < y < 2π.

Îòêóäà sin2 x = 1
16 sin2 y

, ïîäñòàâèì ýòî â ïðåîáðàçîâàííîå 2-å óðàâíåíèå

(1− sin2 x)(1− sin2 y) =
9

16

sin4 y − 1

2
sin2 y +

1

16
= 0
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⇒ sin2 y =
1

4
⇒ sin y = −1

2
(ò. ê. π < y < 2π)

sin y = −1

2

cosx cos y =
3

4
0 < x < 2π, π < y < 2π. y =

7π

6
⇒ cosx =

3

4 cos 7π
6

, x ∈ (0; 2π)⇒ x =
5π

6
,
7π

6

y =
11π

6
⇒ cosx =

3

4 cos 11π
6

, x ∈ (0; 2π)⇒ x =
π

6
,
11π

6

Çàäà÷à 11.20. Ðåøèòü ñèñòåìó óðàâíåíèé
tg πy =

1 + tg πx

1− tg πx

2x2 + y2 =
3

8
.

ÎÎÑÓ: y 6= 1
2
+ n, x 6= 1

2
+m, x 6= 1

4
+ k, n,m, k ∈ Z.

∗ 1 + tg πx

1− tg πx
= tg(

π

4
+ πx)

tg πy =
1 + tg πx

1− tg πx
⇔ tg πy = tg(

π

4
+ πx)⇔ y = x+

1

4
+ s, s ∈ Z

2x2 + (x+ s+ 1/4)2 =
3

8

x = −s+ 1/4

3
±
√

1

8
− 2

9

(
s+

1

4

)2

Íî íåîáõîäèìî, ÷òîáû 1
8
− 2

9

(
s+ 1

4

)2
> 0 ⇒ s ∈ [−1; 1/2]

s =


−1, x =

1

4
/∈ ÎÎÑÓ

0, x = − 1

12
± 1

3
⇒

−
5

12
∈ ÎÎÑÓ

1

4
/∈ ÎÎÑÓ

Îòâåò: x = − 5
12
, y = −1

6
.

Çàäà÷à 11.21. Ðåøèòü ñèñòåìó óðàâíåíèésin(π2x) sin(π2y) =
3

4
tg(π2x) tg(π2y) = 3.
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Ïóñòü π2x = t, π2y = u, òîãäà ñèñòåìà ïðèìåò âèäsin t sinu =
3

4
tg t tg u = 3.

Ñíà÷àëà ñëîæèì ýòè äâà óðàâíåíèÿ ñèñòåìû, à ïîòîì âû÷òåì.
Ïîëó÷àåì ðàâíîñèëüíóþ ñèñòåìócos(t− u) = 1

cos(t+ u) =
1

2

⇒
t− u = 2πn, n ∈ Z

t+ u = ±2π

3
+ 2kπ, k ∈ Z

Îòêóäà  t = ±π3 + (n+ k)π

u = ±π
3
+ (k − n)π

Íî åñòü äîïîëíèòåëüíûå óñëîâèÿ t > 0, u > 0 ⇒{
n+ k ≥ 0

k − n ≥ 0

∣∣∣∣∣ äëÿ ðåøåíèé ñ +
π

3{
n+ k > 0

k − n > 0

∣∣∣∣∣ äëÿ ðåøåíèé ñ −π
3

Îêîí÷àòåëüíûé îòâåò

x = log2(
1

3
+ k + n)

y = log2(
1

3
+ k − n)

n+ k ≥ 0

k − n ≥ 0

È



x = log2(−
1

3
+ k + n)

y = log2(−
1

3
+ k − n)

n+ k > 0

k − n > 0
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Ñåìèíàð 12

Ïóñòü Cn×n, Bn×n � äâå êâàäðàòíûå ìàòðèöû.
Ìàòðèöà C íàçûâàåòñÿ îáðàòíîé ê ìàòðèöåB, åñëè èõ ïðîèçâåäåíèå åñòü åäèíè÷íàÿ

ìàòðèöà
CB = E = (δik)n×n.

Îáîçíà÷åíèå C = B−1.
Çàäà÷à 12.1. Íàéòè îáðàòíóþ ìàòðèöó äëÿ ìàòðèöû

A =

1 2 −3
0 1 2
0 0 2

 .

1) Íàéäåì îïðåäåëèòåëü èñõîäíîé ìàòðèöû: detA = 2.
2) Ïîñòðîèì òðàíñïîíèðîâàííóþ ìàòðèöó

AT =

 1 0 0
2 1 0
−3 2 2

 .

3) Ïîñòðîèì ïðèñîåäèíåííóþ ìàòðèöó (ìàòðèöà ñîñòàâëåííàÿ èç àëãåáðàè÷åñêèõ
äîïîëíåíèé ýëåìåíòîâ òðàíñïîíèðîâàííîé ìàòðèöû)
Àëãåáðàè÷åñêîå äîïîëíåíèå = Mij(−1)i+j, Mij � ìèíîð ýëåìåíòà ñ èíäåêñàìè

i, j.

A∗ =

2 −4 7
0 2 −2
0 0 1

 .

4)

A−1 =
1

detA
A∗ =

1 −2 7/2
0 1 −1
0 0 1/2

 .

Ðåøåíèå òðèãîíîìåòðè÷åñêèõ óðàâíåíèé

Çàäà÷à 12.2. Ðåøèòü óð-å 1
2
(cos2 x+ cos2 2x)− 1 = 2 sin 2x− 2 sinx− sinx sin 2x.

1

2
(cos2 x+ cos2 2x)− 1 = 2 sin 2x− 2 sinx− sinx sin 2x

cos2 x− 1 + cos2 2x− 1 = 4 sin 2x− 4 sinx− 2 sinx− 2 sinx cosx

−1

2
sin2 x− 1

2
sin2 2x = 2 sin 2x− 2 sinx− sinx sin 2x

(sinx− sin 2x)2 = 4(sinx− sin 2x)

⇒
[
sinx− sin 2x = 0

sinx− sin 2x = 4⇒ x ∈ ∅
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sinx− sin 2x = 0⇔

 sinx = 0

cosx =
1

2

Çàäà÷à 12.3. Ðåøèòü óðàâíåíèå
√
1−cosx+

√
1+cosx

cosx
= 4 sin x, 0 < x < 2π.

√
2 sin2 x

2
+

√
2 cos2

x

2
= 4 sin x cosx

0 < x < 2π

cosx 6= 0
| sin x

2
|+ | cos x

2
| =
√
2 sin 2x

cosx 6= 0

0 < x < 2π

sin(
x

2
+
π

4
) = sin 2x

0 < x ≤ πsin(
x

2
− π

4
) = sin 2x

π < x < 2π

Îòâåò: π
6
, 3π

10
, 7π

6
, 13π

10
.

Çàäà÷à 12.4. Âû÷èñëèòü tg α
2
+ tg β

2
, åñëè èçâåñòíî ÷òî{

sinα + sin β = a

cosα + cos β = b
, ab 6= 0.

Îòâåò: 4a
a2+b2+ab

.
Àëãîðèòì ðåøåíèÿ òðèãîíîìåòðè÷åñêèõ íåðàâåíñòâ
1) Îïðåäåëèòü ïåðèîä T ôóíêöèè, âõîäÿùåé â íåðàâåíñòâî.
2) Íà îòðåçêå äëèííîé ïåðèîäà ðåøèòü èñõîäíîå íåðàâåíñòâî

(ïîëó÷àåì îãðàíè÷åíèå íà x ñâåðõó è ñíèçó).
3) Ê ãðàíèöàì ïðîìåæóòêà, ïîëó÷åííîãî â ïðåäûäóùåì ïóíêòå, ïðèáàâèòü

ñëàãàåìîå k · T (k ∈ Z).
4) Åñëè íåðàâåíñòâî íàäî ðåøèòü ëèøü íà íåêîòîðîì ìíîæåñòâå M , òî íóæíî

íàéòè ïåðåñå÷åíèå íàéäåííûõ ðåøåíèé ñ ìíîæåñòâîì M .

Çàäà÷à 12.5. Íàéòè ïåðèîä ôóíêöèè y = cos k
n
x+ cos m

s
x.

Îòâåò: T = ÍÎÊ(n, s)/ÍÎÄ(k,m).
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Çàäà÷à 12.6. Íàéòè arcsin(sin 3).

arcsinx ∈ [−π
2
;
π

2
]

3 ∈ (
π

2
; π)

⇒ arcsin(sin 3) = arcsin(sin(π − 3)) = π − 3.

Çàäà÷à 12.7. Äîêàçàòü cos π
5
cos 2π

5
= 1

4
.

cos
π

5
cos

2π

5
=

1

4

sin
π

5
cos

π

5
cos

2π

5
= (sin

π

5
)
1

4

1

2
sin

2π

5
cos

2π

5
=

1

4
sin

π

5

1

4
sin

4π

5
=

1

4
sin

π

5

Çàäà÷à 12.8. Ðåøèòü ñèñòåìó{
(0.25)2 sinx − 3 · (0.25)sinx < −2,

0 < x < 2π.

Ïóñòü (0.25)sinx = y, òîãäà ïåðâîå íåðàâåíñòâî çàïèøåòñÿ êàê

y2 − 3y + 2 < 0⇒ y ∈ (1; 2)

1 <

(
1

4

)sinx

< 2

0 > sinx > −1/2
Îòâåò: x ∈ (π; 7π

6
) ∪ (11π

6
; 2π).

Çàäà÷à 12.9. Ðåøèòü ñèñòåìólog 1
3
(sin2 x− 2 sinx+

1

2
) > 0,

0 < x < 2π.

Ïðîïîòåíöèèðóåì ïåðâîå íåðàâåíñòâî è ïîëó÷èì ðàâíîñèëüíóþ ñèñòåìó0 < sin2 x− 2 sinx+
1

2
< 1

0 < x < 2π
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Ïóñòü sinx = y, òîãäà 0 < y2 − 2y + 1
2
< 1

y ∈
(
1−

√
3

2
; 1 +

√
3

2

)

y ∈
(
−∞; 1−

√
1

2

)
∪
(
1 +

√
1

2
;+∞

)

⇒ y ∈
(
1−

√
3

2
; 1−

√
1

2

)
∪
(
1 +

√
1

2
; 1 +

√
3

2

)

⇒ 1−
√

3

2
< sinx < 1−

√
1

2
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Ñåìèíàð 13

Óðàâíåíèÿ ñ ïàðàìåòðîì

Çàäà÷à 13.1. Ïðè êàæäîì âåùåñòâåííîì çíà÷åíèè ïàðàìåòðà a íàéòè ðåøåíèå
óðàâíåíèÿ sinx+ cos(x+ x) + cos(a− x) = 2.
Ïåðåïèøåì ñóììó äâóõ êîñèíóñîâ êàê

cos(a+ x) + cos(a− x) = 2 cos a cosx

Ïîëó÷àåì
sinx+ 2 cos a cosx = 2

sin(x+ φ) =
2√

1 + 4 cos2 a
, ãäå φ = arcsin

(
2 cos a√

1 + 4 cos2 a

)
Íî sin(...) ∈ [−1; 1]⇒ a ∈ [nπ − π

6
;nπ + π

6
], n ∈ Z.

Îòâåò: 1) ïðè a ∈ [nπ−π
6
;nπ+π

6
], x = − arcsin

(
2 arcsin a√
1+4 cos2 a

)
+(−1)k arcsin 2√

1+4 cos2 a
+

kπ, k, n ∈ Z;
2) ïðè a /∈ [nπ − π

6
;nπ + π

6
], x = ∅.

Çàäà÷à 13.2. Ïðè êàæäîì âåùåñòâåííîì çíà÷åíèè ïàðàìåòðà a íàéòè ðåøåíèå

óðàâíåíèÿ
1

cos x
+1

1
cos x
−1 = a

sin2 x
2

.

Ðàâíîñèëüíàÿ ñèñòåìà 
1 + cos x

1− cosx
=

2a

1− cosx

cosx 6= 0

⇔


cosx = 2a− 1

cosx 6= 0

cosx 6= 1

2a− 1 6= 0, 2a− 1 6= 1, |2a− 1| ≤ 1

⇒ a ∈ [0;
1

2
) ∪ (

1

2
; 1)

Çàäà÷à 13.3. Ïðè êàêèõ âåùåñòâåííûõ çíà÷åíèÿ ïàðàìåòðà a ñèñòåìàaxy + x− y + 3

2
= 0

x+ 2y + xy + 1 = 0

èìååò åäèíñòâåííîå ðåøåíèå.
Èç âòîðîãî óðàâíåíèÿ ñèñòåìû ïîëó÷èì

xy = −1− x− 2y
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Ïîäñòàâèì ýòî â ïåðâîå óðàâíåíèå

a(−1− x− 2y) + x− y + 3

2
= 0

(1− a)x− (2a+ 1)y +
3

2
= 0

Ïîëó÷àåì, ÷òî åäèíñòâåííîå ðåøåíèå áóäåò ïðè a = 1 è a = −1
2
. Ïðè äðóãèõ

çíà÷åíèÿõ a

y =
−x− 1

x+ 2

(1− a)x2 + (
9

2
− a)x+ 4 = 0

Ò. å. íàäî ñìîòðåòü, êîãäà äèñêðèìèíàíò ýòîãî óðàâíåíèÿ îáðàòèòñÿ â íîëü.

Çàäà÷à 13.4. Íàéòè âñå çíà÷åíèÿ ïàðàìåòðà a, ïðè êîòîðûõ ñèñòåìà óðàâíåíèé{
2bx + (a+ 1)by2 = a2

(a− 1)x3 + y3 = 1

èìååò õîòÿ áû îäíî ðåøåíèå ïðè ëþáûõ çíà÷åíèÿõ b.
Îòâåò: -1.

Çàäà÷à 13.5. Ðåøèòü íåðàâåíñòâî ñ ïàðàìåòðîì 2|x− a| < 2ax− x2 − 2.
Ïåðåïèøåì íåðàâåíñòâî â âèäå

2|x− a| < 2ax− x2 − a2 − 2 + a2

2|x− a| < a2 − 2− (x− a)2
Ïóñòü |x− a| = u, òîãäà ïîëó÷èì ðàâíîñèëüíóþ ñèñòåìó{

u2 + 2u+ 2− a2 < 0

u ≥ 0

Îòêóäà a2 − 1 > 0 è −1−
√
a2 − 1 < u < −1 +

√
a2 − 1.

Îòâåò: 1) ïðè |a| ≤
√
2, x = ∅;

2) ïðè |a| >
√
2, a+ 1−

√
a2 − 1 < x < a− 1 +

√
a2 − 1.

Çàäà÷à 13.6. 5a+1

52a+25
≤ 13−5b+ 1

2
b2 Äîêàçàòü, ÷òî äëÿ ëþáûõ a, b ∈ R íåðàâåíñòâî

âåðíî.
Åñëè íåðàâåíñòâî âåðíî âñåãäà, òî îíî âåðíî è ïðè ìèíèìàëüíîì çíà÷åíèè ïðàâîé

÷àñòè

min

(
13− 5b+

1

2
b2
)

=
1

2

Ò. å. îñòàëîñü äîêàçàòü, ÷òî
5a+1

52a + 25
≤ 1

2

Ïóñòü 5a = t, òîãäà 5t
t2+5
≤ 0.5 ⇔ (t − 5)2 ≤ 0. À ýòî âåðíî ïðè ëþáîì çíà÷åíèè

t = 5a.
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Ïðîãðåññèè

Àðèôìåòè÷åñêàÿ ïðîãðåññèÿ
Ïóñòü çàäàíû a1, d, òîãäà óïîðÿäî÷åííîå ìíîæåñòâî a1, a2, ..., an íàçûâàåòñÿ

àðèôìåòè÷åñêîé ïðîãðåññèåé, åñëè ìåæäó ÷ëåíà ìíîæåñòâà ñïðàâåäëèâî ðåêóððåíòíîå
ñîîòíîøåíèå

ak = ak−1 + d, k = 2, n.

Ñâîéñòâà:

1) an =
an−1 + an+1

2
2) an = a1 + (n− 1)d

3) Sn =
n∑
k=1

ak =
a1 + an

2
n =

(
a1 +

d

2
(n− 1)

)
n

Ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ
Ïóñòü çàäàíû äâà ÷èñëà b1, q, òîãäà óïîðÿäî÷åííîå ìíîæåñòâî b1, b2, ..., bn íàçûâàåòñÿ

ãåîìåòðè÷åñêîé ïðîãðåññèåé, åñëè ìåæäó ÷ëåíà ìíîæåñòâà ñïðàâåäëèâî ðåêóððåíòíîå
ñîîòíîøåíèå

bk = bk−1 · q, k = 2, n.

Ñâîéñòâà:

1) b2n = bn−1bn+1

2) bn = b1q
n−1

3) Sn =
n∑
k=1

bk =

b11− qn1− q , q 6= 1

b1n, q = 1

Çàäà÷à 13.7. Âòîðîé ÷ëåí àðèôìåòè÷åñêîé ïðîãðåññèè, ñîñòîÿùåé èç öåëûõ
÷èñåë, ðàâåí 2, à ñóììà êâàäðàòîâ òðåòüåãî è ÷åòâåðòîãî å¼ ÷ëåíîâ ìåíüøå 4. Íàéòè
ïåðâûé ÷ëåí ýòîé ïðîãðåññèè.

a2 = a1 + d

a3 = a1 + 2d

a4 = a1 + 3d

∣∣∣∣∣∣∣⇒
{
d = 2− a1
(4− a1)2 + (6− 2a1)

2 < 4

⇒ a1 ∈ (2.4; 4)⇒ Îòâåò: a1 = 3.

Çàäà÷à 13.8. Ñóììà ïåðâûõ ïÿòè ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè íà 1.5 áîëüøå
ñóììû å¼ ïåðâûõ òð¼õ ÷ëåíîâ. Ïÿòûé ÷ëåí ïðîãðåññèè ðàâåí òðåòüåìó, óìíîæåííîìó
íà 4. Íàéòè ÷åòâåðòûé ÷ëåí ïðîãðåññèè, åñëè å¼ çíàìåíàòåëü ïîëîæèòåëüíûé.

S5 = b1
1− q5
1− q

S3 = b1
1− q3
1− q

∣∣∣∣∣∣∣∣⇒ b1q
3(1 + q) =

3

2
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b5 = 4 · b3 ⇒ q2 = 4 ⇒ q = 2⇒ b4 =
1

2

Çàäà÷à 13.9. Ïðîèçâåäåíèå ïåðâîãî è ïÿòîãî ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè
ðàâíî 12. ×àñòíîå îò äåëåíèÿ âòîðîãî íà ÷åòâåðòûé ÷ëåí ðàâíî 3. Íàéòè âòîðîé
÷ëåí ïðîãðåññèè.

b1b5 = b1b4q = b2b4 = 12

b2
b4

= 3⇒ b22 = 36⇒ Îòâåò: b2 = ±6.

Çàäà÷à 13.10. ×èñëà a1, a2, a3 îáðàçóþò àðèôìåòè÷åñêóþ ïðîãðåññèþ, ïðè÷åì
a1 + a2 + a3 = 21. À ÷èñëà a21, a

2
2, a

2
3 îáðàçóþò ãåîìåòðè÷åñêóþ ïðîãðåññèþ. Íàéòè

a1, a2, a3.
a1 + a3 = 2a2 ⇒ 3a2 = 21 ⇒ a2 = 7

a1 = a2 − d = 7− d
a3 = a2 + d = 7 + d

ÍÎ (a22)
2 = a21a

2
3 ⇒ a22 = |a1a3| ⇔ 49 = |49− d2|

⇒
[

d = 0

d = ±7
√
2

Çàäà÷à 13.11. Òðè ÷ëåíà b1, b2, b3 ãåîìåòðè÷åñêîé ïðîãðåññèè ÿâëÿþòñÿ ñîîòâåò-
ñòâåííî ïåðâûì, ÷åòâåðòûì è äâàäöàòü ïÿòûì ÷ëåíàìè àðèôìåòè÷åñêîé ïðîãðåññèè.
Ñóììà b1, b2, b3 ðàâíÿåòñÿ 114. Íàéòè çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè è
ñàìè b1, b2, b3.
Ïóñòü b1 = a1 = c.

cq = c+ 3d

cq2 = c+ 24d

c(1 + q + q2) = 114

∣∣∣∣∣∣∣⇒ cq(8− q) = 7c⇒ q =

[
1

7

Îòâåò: 1) 38, 38, 38, q = 1; 2) 2, 14, 98, q = 7.

Çàäà÷à 13.12. Øàðû îäèíàêîâîãî ðàäèóñà ðàñïîëîæèëè îäèí ðàç â ôîðìå
êâàäðàòà, äðóãîé ðàç â ôîðìå ïðàâèëüíîãî òðåóãîëüíèêà. Íàéòè êîëè÷åñòâî øàðîâ,
åñëè âäîëü ñòîðîíû êâàäðàòà ðàñïîëàãàëîñü íà äâà øàðà ìåíüøå, ÷åì â ñòîðîíå
òðåóãîëüíèêà.
Îòâåò: 36.

Çàäà÷à 13.13. Ðåøèòü óðàâíåíèå 3x2 log3(2 + 3x)− 6x log 1
3

3
√
2 + 3x = 3x2 + 2x.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ. ×ÀÑÒÜ 1 •
ØÈØÊÈÍ ÀËÅÊÑÀÍÄÐ ÀËÅÊÑÀÍÄÐÎÂÈ×

0

ÊÎÍÑÏÅÊÒ ÏÎÄÃÎÒÎÂËÅÍ ÑÒÓÄÅÍÒÀÌÈ, ÍÅ ÏÐÎÕÎÄÈË
ÏÐÎÔ ÐÅÄÀÊÒÓÐÓ È ÌÎÆÅÒ ÑÎÄÅÐÆÀÒÜ ÎØÈÁÊÈ

ÑËÅÄÈÒÅ ÇÀ ÎÁÍÎÂËÅÍÈßÌÈ ÍÀ VK.COM/TEACHINMSU

Íàéäåì îáëàñòü îïðåäåëåíèÿ: 2+3x > 0 ⇒ x ∈ (−2
3
; +∞). Ïîñëå ïðåîáðàçîâàíèé

óðàâíåíèå ïðèìåò âèä

(3x2 + 2x)(1− log3(2 + 3x)) = 0

⇒
[
3x2 + 2x = 0

log2(2 + 3x) = 1
⇒


x = 0

x =
1

3

x = −2

3
/∈ OO

Çàäà÷à 13.14. Íàéòè âñå çíà÷åíèÿ ïàðàìåòðà x (x > 1), ïðè êàæäîì èç êîòîðûõ
íàèáîëüøåå èç äâóõ ÷èñåë a è b

a = log3 x+ 9 logx 9− 6

b = logx(81x
2)

áîëüøå òð¼õ.
Ïðåîáðàçóåì âûðàæåíèÿ

a = log3 x+
9

1
2
log3 x

− 6

b =
log3 81x

2

log3 x
=

4 + 2 log3 x

log3 x

Îñòàëîñü ðåøèòü ñèñòåìó 
x > 1[
a > 3

b > 3

Îòâåò: x ∈ (1; 81) ∪ (729;+∞).
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