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I'naBa 1. To4e4Hble rpynnbl CAMMETPHH
1.1. OcHOBHBIE COOTHOIIIEHUS

IIpeobpaszosanuamy TEOMETPHUUECKUX (UTYyp HA3BIBAIOTCS HM3MEHEHHUS IMOJIOKEHHUS B
IpOCTpaHCTBE BCeW (Urypbl JMO0 €€ COCTaBHBIX YacTeil: cBUrH, nedopManuu (pacTsskeHUe U
C)KaTue), TMOBOPOTHI, OTPAKEHHE, MHBEPCHs, a TaKXKe COYeTaHus 3TuX omepauuid. durypa
cuMMempuyHa, €Ci CYUIECTBYIOT NpeoOpa3oBaHMs, NepeBoismue ee B camy cebs. Takue
«CaMOCOBMeEIAIOIIME» TPeoOpa3oBaHusl Ha3bIBAIOTCA onepauusmu cummempuu. SICHO, 4TO
negopManuu KOHEYHOW (Urypsl He MpPHUBOASAT K CaMOCOBMELIEHHIO, T.€. HE SBIAIOTCA
ornepauusMu CUMMeTpud. B To ’xe Bpems MHorue (GUrypbl (B YaCTHOCTH, MOJIEKYJIBI)
HEepEeBOJATCS B ce0s1 TOBOPOTAMH BOKPYT OCH, POXOAALIEH uyepe3 HEHTP (UTyphl, OTpaKEeHUEM
B IUIOCKOCTH, pacceKkaronieid (urypy IoroiaM, WId HHBEPCHUEH: MEPEeHECEHHEM BCEX TOYEK
(Gurypsl B IpOTUBOIOJIOKHbIE TO3UIMH OTHOCUTEIIBHO €€ LIEHTPA.

Omnepanuu CUMMETPHH KOHEUHBIX (UTyp MOAPA3ICNAIOTCS HA J[Ba Kiacca: coOcmeeHHble
spawenus U Hecoocmeennvle epaujerus. COOCTBEHHbIE BpalllEHUs — 3TO IMOBOPOTHI BOKPYT
HEKOTOPOW OCH Ha Yroia ¢, MPHUBOIAIIME K CaMOCOBMeUIeHHI0 ¢urypsl. HecoOcTBeHHBIE
BpalleHus (OTpa’keHHe, MHBEPCUs U X KOMOMHAIIUK C TIOBOPOTAMHU) HE CBOJATCS K KAKMM-JIH00
JBIKEHUSIM T€OMETPHUYECKOTO OOBEKTa KaK ILEJIO0ro: MpH THUX OMNEpalHsIx MEHSIOTCS MECTaMu
ero oauHakoBble yacTu. Purypa, He HUMeOIas HECOOCTBEHHBIX BpAalllEHUH, Ha3bIBAETCs
Xupanvhoti. Y BCEX XHUpaJbHbIX (pUryp ecThb J1Be (popMmbl («ieBasi» U «IIpaBas»), KOTOpbIE HE
COBMEIIAIOTCA B TpexMepHOM npoctpancTse (Puc. 1.1)
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Puc. 1.1. Xupansnas monekyna Hz3POs, Toueunas rpynmna Cs (cM. nanee)

I'eomerpuueckue ¢GUrypbl MOTYT HMETh Ieiblii Habop omnepauuil cummerpuu. Tak,
Mosekyna xjopuctoro merwieHa CH,Cl, nepeBoautcst B ce0si OTpaKCHUSIMH B JIBYX B3aUMHO
HEePENeHANKYSIPHBIX TUIOCKOCTAX  (mpoxoasmuX, cootBercTBeHHO, depe3 CHp- u CCly—
¢parmMenThl) U moBOpoToM Ha 180° BOKpYTr JMHHU TiepecedeHus: 3TUxX riockocrei (Puc. 1.2).
[Tonubiit HaGOp omepanuii cuMMeTpuu GUrypsl 001agaeT BaXKHBIM CBOMCTBOM: JIIOOBIE €ro
orepaiuy, BHIIOJHEHHbIE OJHA 3a APYroil, SKBUBAJIEHTHBI KaKOW-TMO0 omepaluu U3 TOTO Ke
Habopa. COBOKYITHOCTh BCEX ONEpaluii CUMMETPUH (GUTypbl Ha3bIBACTCS 2PVINOU CUMMEMPUU, A
UX TIOCJIC/IOBATEIbHOE BBITIOIIHEHUE — VMHOXCeHUeM OTIepaliid (VIIH 2pYNNOBbIM YMHOHCEHUEM).
[TepemHOXkaeMble onepanuy 00O3HAYAIOT JATMHCKUMHU OyKBaMHu, a JEWCTBUE YMHOXKEHHS I10
npaBwiiaM anreOpsl U300pakaroT TOuKoil (A-B) miau mpocTo 3amuchIBalOT CUMBOJIBI OMepanuit

Ipyr 3a qpyrom (AB).
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Puc. 1.2. (a) Monekymna CH,Cly; (0) ee anmeMeHTBI CHMMETPHH: Cx; Gy, = Cz(z)



Bce rpymnmbl onepanuii CAMMETPUH UMEIOT TPH OOIIMX MaTeMaTUYECKUX CBOMCTBA!

(1) YMHOXeHUe omepanuii B rpymme accoyuamusro, T.e. (AB)C = A(BC), rne A, B u C —
OTJeNIbHBIC OTIepallui CUMMETpHH JaHHOH ¢urypsl, a AB u BC — onepanun cuMMeTpun Toi xe
¢burypbl, BO3HUKaIOIIKE, COOTBETCTBEHHO, MPU MOCIIEI0BAaTEIbHOM BbINONHEHUU «B, 3atem A»
i «C, 3atem By.

(2) Cpenu omepanuii CHMMETPUU B TPYIIE OOSI3aTEIIBHO UMEETCS eOUHUUHbIU DNleMeHm, WU
moocoecmeennoe npeobpasosarnue, o3Havaromiee, uro ¢urypa HE TIPEOBPA3YETCA. B
MaTeMAaTHKE €IUHUYHBIA OSJEeMEHT OOBIYHO 0003HaualoT OykBOH e. ToOXIECTBEHHOE
npeoOpa3oBaHre BO3HUKAET TOTOMY, YTO BO BCSAKOM IpyINe HalIyTCs MPOU3BEICHUS ONepalui,
KOTOPBIE BO3BPAILAIOT (PUTYPy B UCXOIHOE TOJIOKEHHUE.

(3) Y kaxmoil omepanuu CHUMMETPHH B TPYIIE €CTh «HEUTpamu3ymomas» ee¢ obpamuas
oneparusi. OOpaTHble omepanuy 0003HAYaIOTCS [0 aHAJIOTUU C OOpPATHBIMU BEIMYMHAMHU B
anredpe: ecnu A — mpeoOpa3oBaHWe CHMMETPHH, TO 00paTHOE MpeoOpa3oBaHre 0003HAYACTCS
A'l, a MPOMU3BEJICHUE ITUX OIepaLuil AAT=ATA =

Jlo6aBUB K oIepalusM CHMMETPUH TOXJIECTBEHHOE NpeoOpa3oBaHUe, MOXHO 3a/1aTh
rpymny cummerpun i JITFOBOM reomerpuueckoit purypsl. Y HeCHMMETPHUHBIX (QUIYp ITa
rpyIIa COCTOUT TOJBKO U3 €AWHUYHOTO AIEMEHTa e (TaKas IpyIa Ha3bIBACTCS MPUBUATLHOLL).
B rpynne cummerpum Hemsockoil monekynasl HoOp conmepkuTcs ABe omepanud CUMMETPUU
(TOKIECTBEHHOE IpeoGpasoBanme W mosopor Ha 180° BOKPYI' OCH, IIPOXOJALICH uepe3 LEHTP
cBsi3u O—O nepreHauKyIsIpHO 3ToW CcBsi3u), B rpymie Moiekyisl CH,Cly Ha puc. 1.2 — yethipe
orepanuu (TOXIECTBEHHOE MPeodpa3soBaHue, OTPAKEHUS B IBYX IUIOCKOCTIX U MOBOPOT Ha 180°
BOKPYT JINHUU MEPECEUECHUSI IITIOCKOCTEN ).

Yucno omepauuii CUMMETPUM B TpYINIE HA3bIBACTCS HOPAOKOM cpynnul. ['pynmsl c
KOHEYHBIM 4HciioM omeparuii cummerpun (2 mist HoO,, 4 ama CHLCly u 1.1.) HaseiBaroTes
KoHeyHbiMu. B 3TOW TriaBe HaM BCTPETATCA U OeckoneyHwvle TPYNIBl — HapuMep, KpyroBon
LIWIMHJIpP COBMEIIAETCsl caM ¢ coOOil mpu MOBOPOTE BOKPYI OCH LWJIMHJIpa Ha Jito0O# yrod,
[IO9TOMY TaKHUX IOBOPOTOB OECKOHEYHO MHoro. Jlamee Mbl YBHUIMM, YTO JAEHCTBHE JBYX
onepanuil cuMMmeTpu A U B Ha onHy u Ty ke ¢urypy B pasHoW mocienoBaTelbHOCTH («B,
3areM A» win «A, 3areM B») MoXeT NpUBOJUTH K HECOBMAJAIOIIMM pe3ylbTaTaM, T.e.
YMHOXEHHE olepaluii B oOLIeM cllydae acCOLMaTUBHO, HO Hekommymamueho: BA # AB.
['pynmbl, B KOTOPBIX A7 Beex onepauuit BA = AB (Hanpumep, rpymmnbsl CAMMETPUH MOJIEKYIIbI
H20, nin monexysst CH,Cl,), HasbiBaroTCs abenesvimit.

I'pynnbl cUMMeETpUM KOHEUYHBIX (DUTYp (TaKMX KaK MOJIEKYJbI) Ha3bIBAIOTCS MOYEYHbIMU, &
IpyNIbl CUMMETPUN OECKOHEUHBIX MEepUOANYECKUX (Uryp (TakuMX Kak aTOMHBIE CTPYKTYpBI
KPUCTAIOB) — npocmpancmeenuvimy. IIpeoOpa3oBaHusi KOHEYHBIX (UTYp Ha3bIBAIOTCS
3aKpblmbIMy OTIEPALIUSIMU CUMMETPUHU. DTH ONEpalliy OCTABIISAIOT HA MECTE XOTs Obl OJIHY TOUKY
TPEXMEPHOTO MPOCTPAHCTBA — C HENOOBUNCHOU MOYKOU TPYIIBI OOBIYHO COBMEMIAIOT HAdajo
KoopauHaT. B 3TON rinaBe Mbl paccMaTpuBaeM TOJIBKO 3aKPBIThIE OINEpPAallUd CUMMETPUH U
TOYEYHBIE TPYIIHI (KaK KOHEYHOT'0, TaK U OECKOHEUHOTO MOPSAKA).

1.2. Cucrema llléndauca

Jnsa oOo3HadeHHs] omepanuil W TPyHN CHMMETPUM MPUMEHSIIOTCS JBE CHCTEMBI:
anreOpanyeckas U Kpucramorpapudeckas. Anredpandeckyto cucmemy [lléngauca ncnoab3yoT
B MOJIEKYJIIpHOU (pM3KKe, KBAaHTOBOW XMMHUHU U CHEKTpockonuu. B kpucramnorpaduu, B Teopun
TUQpakiuy U B (pU3MKe TBEPAOro Tela MPUMEHSETCS MeHcOVHapoouas cucmema 0003HAYCHUH,




wt cucmema I epmana-Moeena. B 3ToM pazgene Mbl paccMOTpUM OOO3HAYCHHS ONEpanuid
CUMMETPHUU U ToueuHbIX Tpyn 1o [llendmucy.

Onepayuu cummempuu no Lllenchaucy:

e — TOXKJECTBEHHOE TIpeoOpa3oBaHue

Cn — cobCTBEHHOE BpalieHue Ha yroa ¢=360°/n 1o 4acoBoii crperke
Sh — HeCOOCTBEHHOE Bpalenue Ha yroia ¢=360°/n

c — OTpakeHHUE B IJIOCKOCTH (0 = Sj)

[ — uHBepeus KOOpAMHaT (X, Y, Z) — (=X, =Y, —z), mm ( X, Y, z) (i=S)

(B kprcTaJUTOrpa)uyl BMECTO 3HAKa «MHUHYC» Mepe/l KOOPIMHATONH OOBIYHO CTABAT YEPTOUKY HaJl
COOTBETCTBYIOIIUM CHMBOJIOM HWJIM 4ucIOM). ToXKIECTBEHHOE NpeoOpa3oBaHUME HHOTIA
Ha3bIBAIOT «IOBOPOTOM Ha 360°» (Takod IOBOPOT C CAaMOCOBMEUICHHEM BOKPYT IPOHM3BOJILHO
BBIOPAHHOM OCH BO3MOYKEH 151 J1t000# (hurypsr) u o6o3nauaror Cp (=e).

B cumBomuke HI€Hduuca ymoOHO 3amuchIBaTh NMPOM3BEACHUS ONEPAIMii CHMMETPHU.
Tak, nBa mOCIIENOBATENBHBIX OTPAKEHUS B MEPHEHIUKYISAPHBIX 3€pPKaJbHBIX IUIOCKOCTAX
SKBUBAJIEHTHBI TOBOPOTY Ha 180° BOKPYT JIMHUU UX MEPECCUECHHUS:

(2a) GXZ Gyz = CZ(Z)

0

(monrexkyna CH,Cl,, Puc. 1.2), a npousBenenue noBopora Ha 180" U OTpakeHUsI B IUIOCKOCTH,
HEePIECHIUKYIAPHOW K OCH MOBOPOTA, SKBHBAJICHTHO WHBEPCHH B TOYKE MEPECEUYCHHS OCH H
IUIOCKOCTH:

(26) CoY oy =i

(Monekyna tpanc-auxiuopstiuiesa CHCI=CHCI, Puc. 1.3a). J[sa noBopora Ha 180° BOKpyr
B3aMMHO TEPHEHAUKYISIPHBIX KOOPAMHATHBIX Oceil (X,Y) SKBUBAJEHTHHI IOBOPOTY Ha 180°
BOKPYT TpeThell koopauHaTHOU ocu (Z) (Monekyna mudenunna CegHs—CgHs, Puc. 1.3 6)

(2B) CZ(X)CZ(y) — CZ(Z)
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Puc. 1.3 I'pynmst Cy, (tparc-CHCI=CHCI, a) u D, (CgHs—CgHs, 6)

Ocu coOctBenHbIX (Cp) 1 HecOOCTBEHHBIX BpaleHui (Sp) B KpucTamiorpaduu Ha3pIBalOT
aemenmamu cummempuy 1 0003HAYAIOT CIENUATBHBIMA rpadudecKuMy cCUMBOJIaMu. Kaxmaomy
AJIEMEHTY OTBEYaeT 3aMKHYTHII Habop omepauuii CUMMETpUHU. JIByKpaTHO BBIIIOJHEHHbIE
WHBEPCHS, OTPAKEHHUE WM MOBOPOT Ha 180° mepeBoaar GuUrypy B MCXOTHOE IMOJOKEHHE, T.€.
HKBUBAJIEHTHBI TOXK/IECTBEHHOMY NPEOOPa30BaHHIO:

ii=i=06?=C,%=e



Kak a3t «camm cebe oOpaTHBIe» OIEpallMd CHUMMETPUHU, TaK M UX DJIEMEHTHI HAa3bIBAIOTCS
onepayuamu_(unu dnemenmamu) nopsoka 2. 3aMeTUM, 4TO B COOTHOIIEHUX (a) — (B) onepanuu
CUMMETPUN KOMMYTHUPYIOT, TIOITOMY Jit00asi mapa BXOJSANIMX B HUX AJIEMEHTOB CHMMETPHH
«IOPOXKJAaeT» TPETHM AnneMeHT. Tak, B3auMOACICTBUE 3€pKaIbHOM IUIOCKOCTU G U JIEKalled B
Hell ToBOpOoTHON ocu Cp MOPOXKAAET BTOPYIO MIIOCKOCTh G, IEPIEHANKYIISPHYIO IIEPBOM, TaK YTO
ocb Cp ABISETCS JIMHUEH MX MEPECEUEHMS], a INIOCKOCTh G U JIEKAlUil B HEW LIEHTp UHBEPCUU
NOPOXKIAI0T 0Ch Cy, MPOXOIAIIYIO IIEpe3 LIEHTP MEePIEHAUKYIISIPHO MITOCKOCTH.

Och C, coOCTBeHHBIX BpalleHuil Ha yrom 360°/n sBnsercs sremenmom nopadka N,
MOCKOJIbKY N-KpaTHBIN MOBOPOT BOKPYT TaKOM OCU BO3BpaIaeT GUrypy B HCXOTHOE MOJIOKEHHUE.
Jlyist MoBOPOTA 110 4acoBOM cTpeske Ha yron 360°/n o6paTHoli oneparueii sSBIseTCS MOBOPOT Ha
yroa 360°(n—1)/n B ToM e HanpaBJIeHUH:

(C)t=C" 1.k (C)" = CiCh ...Ch (N pa3) =C,Ch" =CVICy = e

[IpousBosibHAS TOYKA, HE JeXKamas Ha ocH N-To Hopsaka, moBopoTamu Ha yrisl ¢=360°(k/n)
(rme k=1, 2, ..., n—1). «pa3MHOKACTC» BO BCE BEPIINHBI TNIOCKOTO MPABUIILHOTO N-YTOJIbHUKA,
ocb C,, MpOoXOaUT Yepe3 ero HeHTp NEPIEeHANKYIISPHO TNIOCKOCTH (DUTYPHI.

3amaBas TeOMETPUYECKYIO (PUTYpY B CHCTEME JIEKapTOBBIX KOOPAMHAT, HANpaBJICHUE Z
OOBIYHO COBMEMIAIOT C OCbI0 CUMMETPHH HauOoJiee BBICOKOTO IMOPSJIKA; 3Ta OCh CUHUTAETCS
«BEPTUKAJIBHOW», WIN 21agnou. 110 OTHOIIEHHIO K HEW IJIOCKOCTH 3€pKaJbHOIO OTPa)KEHUS,
€CI OHU €eCTh y (QUIypbl, TOIPAa3ACNAIOTCA HA BepmuKdalbhble TUIOCKOCTH Oy (Ha HX
NEepeceueHN: JISKUT TJIABHAsl OChb), 20PUBOHMANLHYI) TUIOCKOCTh Op (NMEPHEHAUKYISPHYIO
TJIAaBHOM OCH) M QUA2OHAIbHbLE TIFIOCKOCTH Gy (Tak 0003HAYAIOT BEPTUKAIBHBIC TNIOCKOCTH B TEX
rpynmnax, re OHU MPOXOAAT MO AMArOHAU MEXKIy NepeceKaroIUMUCI TOPU3OHTAIbLHBIMU
ocsimu Cp). Tak, KOOpPOMHATHYIO IUIOCKOCTh GOyy B Mousekyne mpanc-CHCI=CHCI wacto
0003HAYaOT Op, a IUIOCKOCTH Ox; U Oy, B Monekymax CH,Cl, mm HyO o6oznawaror oy.
Otmerum, 4yto mOBOpoTHas och Cp wetHoro mopsimka N=2K cogepxkur B cede ocu Cy (T.e. K-
kpaTHbIH ToBOpoT Ha 360°/(2k)=180°k) u Ck (C2k2 = Ckl). Boobme ecnmu mopsimok ocu Cp
JIeUTCS. Ha 1IeJI0e 4ucio M, coorBercTBytomas ocb Cp conepxkurca B C,. BriroueHue Bcex
oriepanuii OJTHOW OCH B OIEpaIyl JPYrol OCU KpaTHOTro ei mopsiaka obosHadaercs CpcCh:
Hanpumep, C3Cg, CscCig, u T.4.. Eciiu ke y durypsl, kpome ocu Cyi Y€THOTO TOPSAKA, €CTh
TOPU30HTANIbHAS TNIOCKOCTh G, Ipou3BeneHne Cy U Gn MOPOKAACT IIEHTP UHBEPCHH .

Jlns HecOOCTBEHHBIX BpALICHUH, «IepEeMElINBAIOIINX» YacTH (QUIYypbl, B CHCTEME
[IIénauca ucnonp3yercsl CHelHalbHbI T€OMEeTpUYecKUil 00pa3: 3epkanbHblll nogopom. ITO
coYyeTaHue IOBOPOTa 10 YACOBOM CTPEJIKE BOKPYT ONPEIECICHHOHN 3epKaibHO-n080POMHOU OCU Sy,
Ha yron 360°/n u oTpakeHHs B IUIOCKOCTH, TPOXOJAIIE IeprneHIuKyIsSpHO ocH S, uepes
UEHTP TSDKECTH» (QUrypbl. YacTHBIMU CilydasiMU 3€pKaJIbHOIO MOBOPOTA SIBIAIOTCA OOBIYHOE
orpaxkenue 6=S; (¢ «moBoporoM Ha 360°») u unBepcus i=S; (komOuHaIKsa noBopoTa Ha 180° 1
orpakeHus). CoCTaBHbIE YacTH 3€pKaJbHOIO IOBOPOTa MO OTAEIBHOCTH MOTYT HE OBITh
orepanusMu cuMMeTpun purypsl. Tak, oOIHOW U3 ONEpanuii CHMMETPHH TeTpadpa SBISIETCS
3epKaibHbIi TOBOPOT S4° Ha 90° BOKPYT 0CH Sy, MEPIICHNKYISPHOI Mape ero CKPeINBaIOIIXCS
pebep — HO HU OOBIYHBIN TOBOPOT Ha 90° BOKPYT 3TOH OCH, HM OTPaXKEHHE B TIEPIEHANKYIIAPHOM
e TUIOCKOCTH caMU 110 ce0e He MPUBOASIT K caMocoBMeleHuto Terpadzpa (Puc. 1.4 a).




(a) (6) (8)

Puc. 1.4. (a) 3epkanbHO-IOBOPOTHBIE OCH: (a) OJHA M3 Tpex ocel Sy B Terpadape, (0) S; B
TPUTOHAJILHOM TIpH3Me, (B) Sg B TPUTOHATIBLHON aHTHIIPU3ME.

3epKalbHO-IOBOPOTHAsT OCb HEYETHOIO THOpsiAKA Spyk+1 IEPECTaBIsAE€T BEPILUHBI
npaBuIbHON 2K+1-yronpHoi Npu3Mbl (C «BEPXHEr0» OCHOBAHMS Ha «HW)KHEE», U HA000pOT), a
OCh YETHOT'O MOPSIKA Sy TaK JKE MEPECTaBIISICT BEPIIUHBI IPABHIbHON K-yrojabHON aHTHIPU3MBI
(Puc. 1.4 6,B). Bce urypsl ¢ «4eTHBIMI» OCAMHU Sy, HE IMEIOT TOPU3OHTAIBHOH IIIOCKOCTH Gh U
coJiepKaT OCb COOCTBEHHBIX BpalleHMH BJBoe MeHbuiero nopsaka Ch,cSz,. Eciu nopsaok
«4eTHOW» ocu S, He KpareH uerbipeM (N=4K+2), OCHOBaHHs COOTBETCTBYIOLICH aHTUIIPH3MBI
UMEIOT HEYETHOE YHCIIO BEPIIMH, U HA TAKOW OCH JISKUT LEHTP MHBepcuH I. [Ipu Hammuuu ocu
Sn mopsaka N=4K Her HHM LEHTpa HMHBEPCHU, HU IUIOCKOCTH Gh. «HedeTHas» ocbh Sokin
CKJIaJIBIBACTCSI U3 JIBYX CAMOCTOSITEIIBHBIX DJIEMEHTOB CHMMETPHH: MOBOPOTHOH ocu Coks1 |
TOPU30HTAJILHON INIOCKOCTH Gh.

Koneunvie moueunwvie cpynnot_no [llendhaucy

Bce ToueuHble Tpynnbl MOXKHO pa3sOUTh Ha TPU KaAme2opuu cummempuu: HU3IIYIO,
CPEIHIOIO U BBICIIYIO. [ pyNIbl Hu3Uiel Kame2opuy COCTABIEHBI U3 3JIEMEHTOB nopsiaka 2. Takux
rpynn ceMb (onepanuy Kax 10l U3 HUX NepeyrclieHbl B PUTypHBIX CKOOKaX):

C2 = {e1 CZ}; CS = {e1 O-}v CI = {e1 i}1
CZV = {el CZ(Z)i O-V(XZ)1 O-V(yZ)}a C2h = {e1 CZ(Z)v O-h(xy)v i}! D2 = {el CZ(X)I Cz(y), CZ(Z)} "
Dan = {e, CZ(X), CZ(Y), CZ(Z), o.h(Xy)’ O'V(XZ), O'V(yz), i},

3necb M Jlanee CHUMBOJ TOYEYHOM TIpynmbl 0003HAue€H NpSAMbIM MIPU(TOM, OIlepaunuu
0003HaueHBI KYPCHBOM, a TOJIOKEHHUS DJIEMEHTOB CHMMETPUH YKa3aHbl B BepxHeM mHiaekce. K
rpynme Cy, B YaCTHOCTH, OTHOCUTCS Herwiockas Mosiekyna HoOz, k rpynne Cs — MOsIeKyIbl opTo-
u meta-nu3amenieHHbix O0en3zonoB CgHyaXY, x rpynme C; — monekyrna me30-GpopMbl dpeoHa
CHFCI-CHFCI B antu-kondopmarmu. MoseKyibl XJIOPUCTOTO METHIIEHA M BOJbI OTHOCSATCS K
rpymre Cy,. B HU3IIYI0 KaTeropuio CHMMETPUH HHOT/IA TAK)KE BKITFOYAIOT TPUBUAIBHYIO TPYIITY
C1, COCTOSIIYIO U3 OJIHOTO TOXKIECTBEHHOIO IPeoOpa3oBaHusl.

Bce ToueuHBIe TPYIIIBI HU3MIEH KaTeropuu abeleBkl, T.€. UX ONepaIiy MepPeCTAaHOBOYHBI.
I'pynnst Cy, Cs 1 Cj UMEIOT OHOTUITHOE CTPOCHHUE: KaXk/1asi U3 HUX COJACPKHUT OJIHY OIeparuio a
nopsiaka 2 U €AMHUYHBIA AJIEMEHT (e:az). Takue «O0IMHAKOBO YCTPOEHHBIC» TPYIIbI OJTHOTO
Hopsiika Ha3bIBalOTCS uzomop@uuvimu. Taxoke uzoMopdHsl apyr apyry rpynmsl Co~=Con=Da,
UMeEIoIIHE MOPSA0K 4 (MbI OyieM OTMeUYaTh M30MOP(HU3M TPYIIT 3HAKOM «=»).

Ob6parute BHMMaHue, uro B rpymnmne Cp, comepxkarcsi Bce snemeHThl rpynn Cp; u Cs
(BKJTFOYAsT TOXAECTBEHHOE TpeoOpaszoBanue), T.e. Cp, u Cs Bxomsar B cocraB Cy. I'pymma Cyn B
TOM K€ CMBICIIE COZIepKUT Bee aneMeHTsl rpynn Cy u Ci, a Dy — Toabko snemenTs! rpynmst Co.
[To ompenenenwro, ecnu B rpymme G ectb HaOOp AJIEMEHTOB, KOTOPHIE CAaMH COCTABISIOT
HekoTopyto rpynny H, Takas rpynma H HaspiBaeTcss nodepynnoti. OTa «BIOXKEHHAs» TpyIia
obo3Hauaercs HCG («rpynma H sBasiercs moarpynmoit rpymmbsl Gy»). [TockoiapKy yMHOXEHHE
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orepanuii CHMMETPUU OAMHAKOBO BO BCeX To4euHbIX rpynmnax, Cy,CscCyy, Cy,CicCop u CocDo,
HO, Hanpumep, C;j He aBisgercst noarpymnmoi rpymi Cy, u Do. [loarpynmamu rpymmst Doy (3THIICH
C,Hy, nadpramun CioHg u n1p.) SBISIIOTCS BCe OCTalNbHBIC TPYIIBI HU3IIEH Karteropun. [lopsimok
TPYIIBI B [IEJI0E YUCIIO pa3 Oosbliie opsaKa 000 ee MOATrPYIIIbL.

Koneunble ToOuY€UHBIE TPYIIBI CcpedHeli Kame2opuu Ccolepkar oAHY (IJIaBHYIO)
MOBOPOTHYIO JINOO 3€pKaJIbHO-TIIOBOPOTHYIO OCh Mopsaaka N>2. [TockonabKy MOPSAOK 3TOW OCH B
NPUHIUIE MOXKET OBITh JIFOOBIM HENBIM 4HciIoM, rpynn cpenneit kareropun BECKOHEYHO
MHOTI'O, oHako UX MOKHO pa30UTh HA CEMb CeMelicms:.

(1) Cy, wam rpymmsl cCOOCTBEHHBIX BpatieHuii (cM. mosekyiny H3POg Ha puc. 1.1);

(2) Sy, unm rpynIbl HECOOCTBEHHBIX BpAICHUH ¢ YeTHBIM N=2K

(3) Cpn: pesynbraT q06aBieHus Kk rpyie C, TOpU30HTAIBHO# IIOCKOCTH Gh

(4) Cpy: pesynbraT n06asieHus k C, BepTHKAIbHOM IUIOCKOCTH Gy,

(5) Dpn: pesynbrar nodasienus k C, ropuzoHTanbHoit ocu Co, (puc. 1.30 s n=2)

(6) Dng: pesysnbraTr mobasieHust ropu3oHTanbHoi ocu Cy k rpymme Cpy WM BEPTUKATBHON
MJIOCKOCTH Oy K rpytie Dy,

(7) Dnp: pe3ynbTar g00aBiIeHMs TOPU3OHTAILHOM IIOCKOCTH G K Tpyrmam Cpy uiau D,

[Ipumepsl MoOJIEKYJ € STUMH TOYE€YHbIMU Ipynnamu (g N=3) noka3zaHel Ha Puc.1.5. B
4acTHOCTH, Moiiekysna 3TaHa CoHg B OCHOBHOM, «axmMaTHOH» KOH(pOpMalMW OTHOCHUTCS K
rpynne Dszg, B SHEpreTHueckyu HEBBINOJHOM 3aciOHEHHOM — K rpymne Dsn, a B HecTaOMIIbHOM
pOMEeXKYTOUHOM KoH(popmanuu — k rpynne D3, B cemeiicta (1) — (7) BXOAST U BCe TOUCUYHbBIE
rpynnsl Husmei kateropuu (C,—Cy, Ci—>Sy, Dop—> Dy 1 T.11.).

H
H
H1 o~

A | "~y
N H B
7~ O H H
N o 0O
H3 H2 | H
(1) H

Oy
| Ch Gd

) A

(a) (6) (B)

Puc. 1.5. Ilpumeps! rpynn cpenneit kareropuu: (a) Cay: Mosiekyna ammuaka, (6) Can: Mosexyna
H3BOs, (B) D3g: Mosiekyna 3TaHa B 3aTOPMOKEHHON KOH(OpMaInu.

[ToacTpouHblii YMCIOBOW HMHIEKC «N» BO BCEX TPYINNAX CPEIHEN KaTEropuu pPaBEH
HOPS/IKY TJIABHOW MOBOPOTHOM ocu. I'pynmsl ¢ ocbto Cp, He cofeprkaliye neprneHIuKyIsIpHbIX K
HEH «ropu3oHTAIBHBIX» ocell Cy, o lllendmmcy obo3HavatoTcs 3armaBHON OykBoit C, a Tpymisl
¢ rnaBHOM ocbto Cp u ropusoHTanbHbiMM C; — 3arnaBHoi OykBod D. Bcesikas rpymma C,
CONEpPUT N pa3sIMUHBIX HOBOPOTOB BOKPYT TIlaBHOM ocu (Bkmouas C,"=€), KoTopble
MEPEMHOXKAIOTCSI B OO0 MOCIeI0BATEIbHOCTH: Cof C)" = C" Cof = C™, T.e. oTO abenesa
rpymna nopsiaka nN. [pu getHom N=2K eit uzomopdHa rpymma Sy, coctosimas u3 K 3epkaabHbIX
MIOBOPOTOB S, 2™ i k coberBeHHBIX BpameHuit (S, Sy = S22 = Cy). Ilpu newernom n=2k+1 B
rpymme S, uMeercs 2N 3epKaIbHBIX [OBOPOTOB, BKIOUasi N—1 coGcTBeHHOE BpaiieHne Sp2" =
Cn?™ i oTpakeHHE B TOPH3OHTATBHON IIOCKOCTH Sy'=oh; Takas rpymmna S, no coziauenuio




HazbiBaeTcst Cpp. DneMenTsl cummerpun Cp 11 Sy, 00cykaaBirecs Boiiie, GaKTUYSCKU SBISIOTCS
rpaduuecKuMy CUMBOJIaMU TOUYEUHBIX IPYII CPEAHEH KaTeropuu.

[Ipu nobGaBieHun K Tpymie HOBOW omepanyu CUMMETpUM 2-TO Mopsjka, Onaromaps ee
MEPEMHOKEHUIO CO BCEMH «CTAphIMHU» OIEpalusMU, BO3HHMKAET TPYINa BABOE OOJBIIETO
nopsiaka. B yacTHOCTH, TOpU30HTaNIBHAS TIOCKOCTH Oh, J00aBIEHHAs K TOBOpOoTaM rpymmbl Co,
nopokaaet eie 2K—1 3epkaabHbIX MTOBOPOTOB Syk. OIHY BEPTUKAIBHYIO TIOCKOCTh Gy TJIaBHAsI
ocb Cp «pa3sMHOXKUT» Ha N TaKUX IJIOCKOCTEH, a oAHY och Cp, MEpIEHAUKYIISIPHYIO TJIaBHOM — Ha
N ropu3oHTanbHBIX ocelt Cy. [ToaTomy mopsinku rpynn Cup, Chy u Dy, paBnsr 2n, a rpynn Dyg u
Dnn — 4n.

Ecnmu mobGaBneHHas omeparusi KOMMYTHPYET CO BCEMU OMEPAIUSMU UCXOIHOU TPYIIIIHI,
MOJTYYCHHAs TPYIINA HA3bIBACTCS npAmMbiM npouszeedenuem epynn (o6o3navaercs GixGy). Takum
CBOMCTBOM 00J1aJJal0T TOPU3OHTANIbHAS TUIOCKOCTh Gh U LIGHTP UHBEpCHUH I, modToMy Cpp = CyxCs
u Dy = DpxCs = CpyxCs, a takke Dpg = DyxCj = C,yxCi ipu Heuetnom N. ['pynmer Cpy u Dy He
SBIIIOTCS MPSIMBIMU ITPOU3BEICHUSMHU.

I'pyner Cy, Sp u Cpn aberneBsl, Bce OCTANBHBIE TPYIIBI CPEIHEH U BBICHICH KaTeropui
neabenessl. Tak, moBopor Mosekynsl NHz Ha Puc. 1.5a na 120° mo 4acoBoii cTpenke H ee
OTpPaKEHHE B BEPTHUKAIBHOU TIOCKOCTH oY), BEINOJIHEHHBIE B TIOCICIOBATEIBHOCTH «TIOBOPOT,
IIOTOM OTpa)keHUe», ocTasisieT Ha mecTe atoM H(1), Torna kak H(2) u H(3) menstoTcst mectamu.
Te >xe omepanuu B MOCIEAOBATEIHHOCTH «OTpaKEHUE, MTOTOM MOBOPOT» mnepectapisitor H(1) u
H(3), a arom H(2) ocraetcs na mecte. Takum oO6pasom, oPC;=6®, a Cio®= 6P, 1.e. cWCy =
C3G(1)Z 3TH omnepauuu He KomMmyTtupyoT. ['pynnel Cpy u Dy — moarpynmel rpynn Dpn 1 Dyg;
kpome Toro, Cpn < Dyp.

I'pynmst Cyy 1 Dy mpu ogaakoBoM N m3oMop¢HbL: Cphy ~ Dy (HO reomMeTpusi OTBEYAIOLIHX
UM MOJIeKyn He coBnanaet!). B «xupanpabix» rpynmnax C, u Dp HeT HeCOOCTBEHHBIX BpaIllCHHI;
UM COOTBETCTBYIOT XHpajbHble (GUTYPBl U MOJEKYJIbl ONTHYECKHX HU30MEPOB. B «IOISpHBIX»
rpynnax C, u C,, (Bxmouas Ci, Cy, Cy m Ce=«Ciy») BEKTOp, JSKANUH HA TIIABHOW OCH
CUMMETpUH, TEPEBOAUTCA caM B ceOs BCEMH OIepalusMH, T.€. coxXpaHseTcs. Monekymsl ¢
HEHYJICBBIM JTUTTOJIBHBIM MOMEHTOM MOTYT MPUHAICKATH TOIHKO K TAKUM IMOJIIPHBIM TPYIITIaM.
B «1IeHTpPOCUMMETPUYHBIX» TPYIIax UMEETCs Orepalus WHBepCHH I: B cemelicTBax Sp, Cpp U
Dnh 9TO TpymIiel ¢ 4eTHBIM N (B Tpynmax S, — He KpaTHOM 4), a B cemeiicTBe Dyg — ¢ HeueTHBIM N.
LleHTpOCMMMETPUYHBIE MOJIEKYJIBI UMEIOT HYJIEBOM JAUIMONBHBIN MOMEHT M HEXUPAJIbHBI.

B KOHEYHBIX TOYEUHBIX TIpYyNNax @biCwield Kame2opuu HUMEETCS HECKOJbKO
NEPECEKAIOIINXCSl TTOBOPOTHBIX Ocel mopsaka 3 W Bhlmle. TakuxX Tpymnm CHOBa CEMb; OHHU
OTHOCATCS K TPEM CEMENCTBaM.

Cemeticmeo mempasopa: rpynnsl T, Tqu Ty, .
Cemeticmeo okmasdpa: rpynmsl O u Op,.
Cemeticmeo uxocasopa: rpynnsl | u |y.

B kaxmom cemeicTBe TPYII BBICIHICH KaTErOpUM €CTh TPYIIa, COCTOAIIAsS U3 BCEX
orepanuii CHMMETPUHU TIPABHIILHOTO noaudopa (Tped. «MHOTOTPAaHHHKA»), WIH NIAMOHO8d
mena. T'pynma Tq cummerpun mempasdpa (4detbipexrpannuka, Puc. 1.6 a) coctout wus
MIOBOPOTOB BOKPYTr ueThlpex oceld (s, MPOXOASNIMX dYepe3 €ero BepmuHy W IEHTP
IPOTHUBOIOIOKHOM IpaHu (IIPaBUJILHOIO TPEYrOJNLHUKA), 3€PKAbHBIX MOBOPOTOB Ha 90° M
0GBIYHBIX MOBOPOTOB Ha 180° BOKDYT Tpex B3aMMHO NEpPHEHIMKYISPHBIX oceil Sy (S47=C,), a
TaKXe IIeCTH 3€PKabHBIX IUIOCKOCTeH Oy, pacCceKarolIMX TEeTpa’ap IOMoJiaM IO BCEM €ro
pebpam. TakuMm 00pa3oM, MOPSIOK TPYIIBI T4 paBeH 24; 3Ta TpyIa HE COJAEPKUT LIEHTpa
unBepcun. Ee noarpynna TcTy nopsaaka 12 Ha3bIBaeTCs epynnoil epaweHuli mempal’opa: OHa
COCTOUT U3 MOBOPOTOB BOKPYT oceil Cy u C3, KOTOPBIE OCTaHyTCs, €ClIi yOpaTh U3 Tq OTpaskeHHs
U 3epKaibHbIe TOBOPOTHL. I'pynma T BcTpedaercst penko; Takyro CHMMETPHIO ITPAMET MOJIEKYJIa
neonentana C(CH3); wim kartuon terpametunammonus N(CHs),", ecnm Bce MeTunbHbIE
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(parMeHThl MOBEPHYTh BOKPYT HX CBS3€il C LIEHTPAJIbHBIM aTOMOM Ha OJWH U TOT K€ yroi
T0=60. JloOGaBneHumeM omepamyyd WHBEPCHU K Tpymnme | TOJYy4arT EHTPOCHMMETPHYHYIO
rpynny Th = TxC; nopsiaka 24, ne uzomopduyro Tg.

(a) (6) (B) (r) (1)

Puc. 1.6. IlpaBuibHble TOMUAAPHI (TUIATOHOBKI Tena) U uX cumMmerpust: (a) terpasap (Tq), (6)
oktasap (Op), (B) ky6 (On), (r) uxocasap (ly), (a) nerraron-mgomexasap (1)

I'pynner  cummeTrpun  okmaszdpa  (BoceMurpannuka) Op=0OxC; wu wuxocas’dpa
(mBapmaturpannuka) Ih=IxC; mony4aroT aHanormyHo rpymme T, T00aBICHHEM HHBEPCHH K
noAarpynnam BpamieHuii 3tux ¢uryp (coorBercrBenHo O u I). I'panm okTasapa m mKocasapa —
MPaBUJIbHBIE TPEYTOJbHUKU. DTU TMOJIUAIPHl MOXKHO BIIMCATh B JyalbHble UM MHOTOTPAaHHUKU
TOHM K€ CUMMETPUM: OKTa’Ap B KyO (IIECTUTPAHHMK, WU TEKCAdIP), a UKOCAdAP B JOACKAMAP
(umeromuii 12 mpaBUIIBHBIX MSATUYTOJIBHBIX TpaHel). ['pynna On cuMMmeTpun okTasapa u Kyba
(Puc. 1.6 6, B) coCTOMT M3 MOBOPOTOB BOKPYI' TPEX B3aMMHO IEPIEHANKYISPHBIX ocell Ca,
yeTbipex oceil C3 (TeJecHbIX AuaroHanei kyba) u mectu oceil Cp, COSNUHSIOMIUX IEHTPBI €ro
MIPOTHUBOIIOJIOKHBIX Pedep, a TAKKE OTPAKEHUU B TPEX KOOPAMHATHBIX U IIECTH JAMArOHATBHBIX
IUIOCKOCTSAX. Hanuuue neHTpa WHBEPCHM JOMOJHSET AuaroHaidbHble ocu (3 J0 3epKajbHO-
MOBOPOTHEIX ocelr Sg. B rpymme Oy 48 omeparnuii ciMMeTpuH, TIOJIOBHHA U3 KOTOPBIX BXOAHT B
ee noarpymnmny T4, u3oMopduyto rpymnme O.

I'pymma I, cummerpum wkocadapa u gonekadapa (Puc.1.6rT, a) — camas OombIas
KOHEYHas TPYIa B TPEXMEPHOM MPOCTPAaHCTBE, ee Mmopsanok paseH 120. B ee moarpymnmy |
nopsinka 60 BXOAAT BCE TMOBOPOTHI BOKpYr ImectH oced Cs (MpOXOAAIIMX —uepes
MPOTUBOMOJIOKHBIE BEPIIMHBI HMKOCAdJpa WM ILEHTPHl MPOTUBOMOJIOKHBIX MSATHYTOIBHBIX
rpaHeil moaexaspa), necatu oceit Cs (B MKOCAdIpe COCTUHSIONINX IEHTPBI TPOTUBOIIOIOKHBIX
TPEYToJbHBIX TPaHei, a B JoJeKadApe — MPOTHBOIONOKHBIE BEpPIIUHBI) U 15 oceit Cy, KOTOpHIE B
obenx Qurypax MNpOXOIAT uepe3 ILEHTPHl MPOTUBOIOJIOXKHBIX pedep. JloGaBineHue IeHTpa
WHBEpCcHH K rpynne | gocTpanBaeT «HEYETHBIE)» MOBOPOTHBIE OCH J0 3€PKaIbHO-TIOBOPOTHBIX:
Cs 1o Syo u C3 10 S, a Taroke mopokaaeT 15 miockoctelt Gy, NepIeHTUKYIIPHBIX ocsiM Co.

Cummerpuro Ty umeroT MHorue Mmonekynbl (MeTan CHy) M MOHBI ¢ TeTpadapuvecKon
KoopauHanuen neHtpainpbHoro aroma (BFs u T.1.). B Heopranmdeckux M KOMIUIEKCHBIX
COCTMHEHUSX OUYEHb YaCTO BCTPEUAETCS OKTadApuyeckas (M Topa3io pexe — KyOuueckas)
KOOpAWHALIMSA aTomMa MeTraiia. M3BeCTHBI KOMIUIEKCHI C HMKOCA3IPUUYECKON KOOpAMHAIUEH
aTOMOB JIAaHTAHOMJIOB M aKTUHOMJOB. Takyke CHMHTE3MPOBaHbl KAPKACHBIE MOJEKYJbl BBICIIEH
Kareropun cumMmeTpuu: terparapan CqHa, xyban CgHs, momexasapan CoyoHyo, dymmepen Ceo
(YcedeHHBII UKOCcadIp) M aHUOHHBIE THIIPHUIBI Oopa B6H62_ (oktasap) u BioH 122_ (uxocasrap).

Uucna BepuuH (B), pebep (P) u rpameiri (I') BO Bcex BBIMYKIBIX MOJU3ApaxX
(pacmonoKeHHBIX 10 OJIHY CTOPOHY OT JF000H CBOEH I'paHu), BKIIIOUas MJIATOHOBBI TEJNa, 3a/1aeT
gopmyna diinepa.

3) B-P+T=2

Ota popmyna, B 4aCTHOCTH, TTOKA3BIBAET, YTO AyadbHbIE MOJUAPHI, B KOTOPBIX B1=I"2 u By=I";
(Hampumep, Ky0 U OKTadIp, JOJIEKadIp U UKOCAdIP) UMEIOT OJJMHAKOBOE YUCIIO pedep.



1.3. Cucrema I'epmana-Morena.

Cucremy llIéndmauca ynoOHO MCHONB30BATH IJII TOYEUHBIX TPYII MOJIEKYN, OJHAKO MPH
ONHCAaHUM CHMMETPUU KpPUCTAJUIOB OHAa TepseT UH(POPMATUBHOCTh. B 3TOoM pasnene Mbl
MO3HAKOMHUMCS € MEXAYHapoIHOW KpucTamiorpapudeckoil cucremoii ['epmana-Morena,
CHelHanbHO pa3padOTaHHON Uil KPUCTAIUIOXMMHUU U PEHTIEHOCTPYKTYpPHOIrO aHanu3a. B ee
paMKax CHMBOJIBI TOYEYHBIX M IPOCTPAHCTBEHHBIX I'PYMIN CTPOST MO €AUHBIM IpaBwiaM. OT
cuctemsl llIéndunca oHa oTIMYaeTCs B TPEX OTHOIICHUSAX:

(1) DnemenTHI cUMMeETpUH 0003HAYEHBI APYTUMU CUMBOJIAMH,

(2) dnst omepanuu HECOOCTBEHHOTO BpAICHUS HCIOIB3YEeTCS WHOW T€OMETPUUYECKUN 00pas:
nosopom ¢ unsepcuel (MaTeMaTUYECKU YKBUBAJICHTHBIN 3€pKajIbHOMY IIOBOPOTY):.

(3) I'pymmbl coCTaBIsIOTCS W3 CHMBOJIOB JJIEMEHTOB CHMMETPHUM, <«IIPUBS3AHHBIX» K
OTIpe/IeNIEHHOM CUCTEME KOOPINHAT.

Onemenmol cummempuu no I epmany-Mozeny

Qﬂk—>Nk (e—1). [ToBopoTHBIE OCH N-TO TIOPSJIKA IO MEXKIYHAPOIAHON cUCTeMe 0003HAYaIOTCs
mudpoif, paBHOW NOPSAAKY ocH BpameHus, T.e. ock C, (B oOo3nadenusx mno LEndmucy)
ob6o3znauaerca N, rame N=N. Tak, cumBon IlI€ndmuca C; B kpuctamtorpadguueckoi cucreme
3amensiercs mudpoit 3, cumBon C4 — nmdpoit 4, u t.4. Onepanusi cOOCTBEHHOTO BpalleHUs
BOKPYI' ocH N-ro mopsaka Ha yron K(360°/n) o0o3HauaeTcss BEpXHUM MHAEKCOM HPH MOPSIKE
ocH, T.€. C42=3?%, C,%=4% Cs'=Cs*=5*=5"1u r.1. ITockonbky K-kpaTHBIC COOCTBEHHBIC BPAIICHUS
BOKpyr ocu C, mpu N=MK 5KBHUBAJICHTHBI MTOBOPOTaM BOKDYT' OCH Cm MeHbIIero mnopsjaka, a
TTOBOPOTHI Co¥ u C,"* B3ammuo obpartHbl (T.€. CyCi"*=e), B MEXJTYHAPOJTHOH CHUCTEME
BO3HHMKAIOT HEOOBIYHBIE COOTHOIICHHUS BPOJIE 3'=3% wm 4°=2. B KpUCTALIOrpapUIeCKOi
auTepaType OO0O3HAUCHUS «WHIUBUIYaJTbHBIX» ONEpAlMii CHMMETPHUH BCTPEYAIOTCS OYCHB
penko. EMHUYHBIA dNEeMEHT, T.e. TOXIECTBEHHOE TpeoOpa3oBaHUE, B OTOM cucTteMe
oOo3HayvaroT egunuieii: e=C; = 1.

o—m; i— 1. TIIocKOCTH 3epKalbHOro OTpakeHus 1o ['epmaHy-MoreHy 0003HAYarOTCS
CTPOYHOM OYKBOW M (OT aHTIIMICKOTO CIIOBa «MIrrOry, T.e. «3epkKano»). PacrmonoxeHnne 3THX
TUIOCKOCTEH OTHOCHTEIBHO JPYTHUX JJIEMEHTOB CHMMETpHH, KoTopoe B cucrteme IlIéndmuca
3aJjaBald MOACTPOUYHBIE U HAJCTPOUHBIE UHAEKCHI (Gy, Oh, Od, Oxy U T.1.), 0 ['epmany-Moreny
oTpefieNisieTcsl MOJI0KeHWeM OYKBBI M B CHUMBOJIE TPYIIBI (M. HUXke). Onepanuo HHBEpCUU U
IIEHTP WHBEPCUH B MEXKIYyHAPOJHOH CHCTEME O0O3HAYAKOT CHUMBOJIOM «MHHYC €IMHHIIAY,
KOTOPBIii Yallle BCEro 3aluChIBAIOT MO MpaBuiaM Kpucramiorpapuu: —1 = 1.

§nk — NVK HecoGcTBeHHOMY BpalleHHI0O B KPUCTALUIOrpaduyeckoi cHUCTEME OTBEYaeT
oBOpoT ¢ uHBepcuei Ha yroi 360°/N, T.e. moBopot Ha yroa 360°/N BOKpYT 3a1aHHOM OCH TITIOC
uHBepcusa B 1eHTpe ¢Gurypsl. [loBopor ¢ mHBepcuei oOo3zHauvaercs cumBosioM N (miam Nl).
JIuHusA, BOKPYT KOTOpPOH MoBOpauuBaercs (uUrypa Wid MOJeKysa, Ha3blBAECTCS UHBEPCUOHHOU
ocwbio niopsiaka N: Ha Hell 1eXUT Touka MHBepcuu. Kak 1 1i1s 3epKajibHBIX TOBOPOTOB B CHCTEME
[éndmuca, Gurypa ¢ unBepcnonHo ocbio N (Hanmpumep, paBUIbHBIA TETpasaAp Ha puc. 1.4 a,
UMEIOIIUI Tpu ocu 4) MOXET He UMEeTh ITOBOPOTHOM ocu Toro xe nopsaka N uinu (1) nenrpa 1
KaK CaMOCTOSATEIbHBIX 3JIEMEHTOB CUMMETPHUH.

OnHa W Ta e cHCTeMa TOYeK, NEepeBOJUMBIX JApPyr B JIpyra HECOOCTBEHHBIMH
BpalleHusAMH, B cucteme [lI€ndaunca canraeTcs CBA3aHHON 3€PKaIbHO-TIOBOPOTHOM OCBIO Sp, a B
cucteme ['epmana-MoreHna — coBmajaromieil ¢ Heil mHBepcHOHHOU OoCchio N. «J[BIkeHue» mo
CUMMETPUYECKU HKBUBAJIEHTHBIM TOYKAaM IIPU ITOBOPOTAX C MHBEPCUEW OCYILECTBIISIETCS POTHUB
qacosoit crpenku: S," = NV™. U3 popmyist (26) cexyer, 9To mopsuku oceil Sy 1 N Z0/DKHB
pasiuyarbesl B ABa pasza, eciau N win N — HedeTHoe yucio (OJHOBPEMEHHO HedeTHbhIMU N u N
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ObITh He MoryT). Ecnm ke 00a 3TH uucia 4YeTHBIC, MOPSAKA WHBEPCUOHHOW W 3epKajbHO-
MMOBOPOTHOM OCEH COBIA/IAIOT:

ecmm Sp= N,
4) TO N=2n mpu n=2k+1,
N=n/2 mpu n=4k+2,
n=N npu n=4k (rae kK — nenoe uucio)

Kpowme toro, u3 puc. 1.4 BuaHO, 4TO B COCTaB UHBEPCUOHHON OCU N erHOro nopsinka N=4m+2
B KaU€CTBE CAMOCTOSITEIbHBIX 3JIEMEHTOB CHMMETPUH BXOASAT IMOBOPOTHASI OCh BJBO€ MEHBIIIETO
nopsaka N/2 u meprneHauKyisgpHas €il miockocte M ( 603, m). «HeuerHas» och N (rme
N=2m+1) cocTouT U3 MOBOPOTHOM OcH TOTO *Ke mopsaka N u nenTpa uHBepcun ( 353, T). A
npu N=4m oce N He cOAepKHUT HU LIEHTpa WHBEPCUM, HU NEPIEHAMKYISIPHON 3€pKalbHOMN
IUTOCKOCTH, HU TIOBOPOTHO# ocu N: B ee cOCTaB BXOIUT TOJBKO MOBOPOTHAsE OCh mopsiaka N/2
( 42, 53432, U T.JL.).

Ha Puc. 1.7 noka3ansl rpaduueckue n300paK€HHsI OCHOBHBIX «3aKPBITHIX)» 3JEMEHTOB
cummMmeTpun. HekoTopble U3 HUX yKe BCTpeyanuch HaMm panbiine Ha Puc. 1.2 —1.5.

. A ‘ ' ‘ och 2

2 3 4 5 6.. |_'
- AP OB - +

och 4

(6) (8) (r)

Puc. 1.7. I'paduueckoe n3o0paxxeHne 371€MEHTOB CUMMETPHUU: (a) TOBOPOTHBIE U MHBEPCUOHHBIE
ocH, TepHeHIUKYISIPHbIE MIOCKOCTH pucyHKa ( 1 — neHTp mHBepcuu), (0) ocH, mapanselbHble
IUIOCKOCTH PHUCYHKA, (B) IUIOCKOCTh M, MapajuleibHas IUIOCKOCTH PUCYHKA, (T) MIOCKOCTH M,
NepIeHINKYIISIPHAs TUIOCKOCTH PUCYHKA.

Koneunvie moueunwie epynnot no I epmany-Mozceny

CHMBOJ TOUYEYHOM TPpYIIIBl B MEKIYHAPOIHOM CUCTEME COCTABISAETCS U3 TPEX MO3UILIUM,
«MPUBSI3aHHBIX» K CHUCTEME KOOpAMHAT (X,Y,Z). B Kaxnoil mo3umuu MOryT momemarbcs JBa
cumBona: moBopoTHass N b0 wHBepcmoHHass och N, coBmajgaromas ¢ 3aJaHHBIM
HaIpaBJIEHUEM, W NEPIEHIUKYJSApHas €My IUIOCKOCTb M. IlepneHauKymnspHOE MOJIOKEHUE
IUTIOCKOCTH 33Jal0T KOCBIM IITpuXxoM: Tak, N/M o3Hadaer «ock N ¥ THepHeHAMKyIspHas eif
IUIOCKOCTE My». OTcyTcTBHE OCH B 33aJaHHOM HampaslieHMM oOo3HayaroT uudpoit 1. Ilpu
OTCYTCTBHH NEPHEHAUKYIISIPHOMN MIIOCKOCTH CUMBOJI «/M» B JAHHOM MO3UIIMU HE CTaBUTCSL.

Ecnan Bce mo3unmy B CUMBOJIE TPYIIIBI 3aHATHI, OH HA3bIBACTCS HOJHbIM _CUMEOAOM, B
MIPOTUBHOM CJIy4ae — Kpamkum cumeonom. B HaydHON lwnTepaType Mg TOYEUYHBIX TPYIII
UCIOJB3YIOT MOYTH HUCKJIIOYUTENIBHO KpaTKue CHUMBOJBL. [IOCKONBKY KOOpAMHAaTHBIE
HarpaBJ€Hus X,Y,Z B TPYIIAX HU3IIEH, CPEJHEH M BBICIIEW KaTEropuil MO-pPa3HOMY CBSI3aHbI
AJIEMEHTAaMHU CUMMETPUH, PAaBUjIa IIOCTPOEHUS «MEXIYHAPOAHBIX» CUMBOJIOB JJI1 HUX HEMHOI'O
pasnmuyaroTcs.
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(a) Huzwas kamezopust cummempuu’

B rpynmnax Hu3miell kaTeropuu KOOpAMHATHBIC HAIPABJICHHUS HE TEPEBOASTCS IPYT B
JIpyra HUKakKMMH orepanusiMu cuMMeTpud. CUMBOJIBI 3THX TPYII COCTOSAT U3 CUMBOJIOB Ocell 2
U TMEPHEeHIUKYISIPHBIX UM IUIOCKOCTEH M B mo3unusx X, Y u Z. Ecnu B rpynme och 2 —
€MHCTBEHHAsA, €€ 0OBIYHO COBMEIIAIOT C HampaBieHueM Z. Tak, rpynmna Cyn (o [Iénduucy) B
MEXKIYHAPOAHOW cucTeMe uMmeeT moyiHbld cuMBoa 1 12/m, rpynma Cjy — TOJNHBIA CHMBOI
1/m1/m 2, a Dy cOOTBETCTBYET MOJHBIA CHMBOJI 2/M 2/m 2/m. B KpaTkoM MeXIyHapoJIHOM
CUMBOJIC TPYIIBI OMMyCKalT 00o3HaueHus «1» u «1/», cuMBON « 1» MCHONB3YIOT TOJBKO IS
rpynnbl Ci, a 0Ch 2, MOPOXKIESHHYIO MepEeCeYeHUEeM B3aUMHO MEPIEeHIUKYISAPHBIX IIIOCKOCTEH M,
YKa3bIBAIOT TOJLKO B CUMBOJIE Tpynibl Cy,. Takum 00pa3oM, Tpymimbl HU3MICH KaTeTOPUNA UMEIOT
clenyolye anredpandeckue U Kpucramuiorpapuieckue 0003HauYeHUS:

no [Iéndmucy C, C, Ci, Cs Con Coy D, Do

o I'epmany-Moreny

mommeiicumeon 111 112 1 Um1l 112/m I/m1/m2 222 2/m2/im2/im
KPaTKUi CUMBOII 1 2 1 m 2/m mm2 222 mmm

(6) Cpednsis kamezopus cumMmempuu’

110 IHéH(bJIl/Icy Cn SZn Cnh Cnv Dn Dnd Dnh

no ['epmany-Moreny (kpaTkue cuMBoJibL; N = N)

n=2k+1 N N/2 2N Nm N2 Nm 2Nm2

n=2k n N N/m Nmm N22 NZm N/mmm

Jlnst rpymnm 3TOW KAaTeropuM B IEPBOM IMO3MIMHM CHMBOJIA YKa3bIBAIOT €IWHCTBEHHYIO
«ctapmyto» ock N i N (roe N>3), HanpaBienHyto o Z. JleficTBreM 3Toi 0CH KOOPAUHATHI X
U Y NEepecTaBIIAIOTCS JIMOO CMEIIMBAIOTCS, T.€. HE3aBUCUMOM SIBJISIETCS JIMIIb OJHA M3 HUX. Bo
BTOPOH MO3HIIMK TIOMEIIAIOT OCh 2, COBMAIAIONIYIO C HATIPABICHUEM X, WIH NMEPIICHAUKYISIPHYIO
eMy IUIOCKOCTh M. B TpeTbel mo3unuu cuMBOJIa YKa3bIBalOT TAKHE 3JIEMEHThl CUMMETPHHU (€CIu
OHU €CTh B TpYIINE), KOTOPhIE HE MEPEBOMATCS ICHCTBUEM TIIABHOM OCH B «KOOPIMHATHBIN)
aneMeHT u3 2-i no3unuu. Tak, rpynna Cs (mo Iéndunucy) B MeXAyHApOAHOM cUCTEME UMEET
nonHbIi cumBon 3 1 1 u kpatkuit cumBoda 3, rpynmna Sg — monHbld cumBon 3 1 1 u kpaTtkuii 3, a
rpynmna Ca, — cooTBeTcTBeHHO 4/M 1 1 1 4/M (IpUCYTCTBYIOIIMIA LIEHTP MHBEPCHH OTAEIBHO HE
ykazeiBaercs). B rpymme Csy Bce TpH BepTHKAIBHBIC MJIOCKOCTH TEPEBOISTCS OJHA B JPYTYIO
IOBOPOTaMHU BOKPYT OCH 3-T0 HMOpsi/iKa, IO3TOMY B MEXJIYHApOJHOM CHCTEME OHa UMEET CUMBOJI
3m 1 = 3m, a uzomopdnas ekt rpymmna D3 — cumBon 3 2 1 = 32. Ho ecim mopsimok N riaBHOM
OCH YETHBIH, BepTUKaNbHBIE IUIOocKocTH (B rpymmax Cp) u ropusoHTanmbHble ocu (B Dy)
pa3OMBaIOTCA HA JBa KIACCA CONPAJICEHHbIX DNIeMeHmog, He TEpPEeBOAMMBIX ApPYr B Jpyra
BpaleHussMH Ha 360°/N  BOKpYr HampaBi€HHMs Z; y TaKWX TPYIN MOJHBIA CHMBOJ
(coorBerctBeHHO NMm u N22) coBnaaaer ¢ kpatkuMm. B mexynaponnom cumBoiie rpynmbl Dog
= 42m nepByr0 HO3MIUIO 3aHMMAET IVIaBHas OChb 4, BTOPYIO — KOOpAMHATHBIE OCHU 2yx U 2y
(cBsi3anHbIe TIOBOPOTOM Ha 90° ¢ MHBEPCHEN), @ TPETHIO MO3MIIUIO 3aHUMAIOT TAK JKE CBI3aHHBIE
MEKIy COOOW NMMArOHaNbHBIE MIIOCKOCTH Gg=M (puc. 1.8). B HEKOTOPBIX TOYEUHBIX IPYIIIAX
KOOPJIMHATHBIE HAIpPABIECHUS MOXHO BbIOpaTh aByms crocobamu (321 mma 312, 42m
wii 4mM2, u T.JA.); UX CHUMBOJIBI YCTaHOBJIEHBl 1O coerawenulo. B oNmucaHUuM CUMMETPHH
KPHUCTAUIOB Pa3HOMY MOPSAKY «KOOPIWHATHBIX» M «IHATOHAIBHBIX» DIJIEMEHTOB CHMMETPHU
OTBEYAIOT YK€ pa3Hble IPOCTPAHCTBEHHBIE TPYIIIIHI.
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He.. A
y /C:c:c\

H
(a) (6)
Puc. 1.8. (a) 'padux rpymmsr 42m (Dag), (6) MoleKyIa aluieHa, oGIaatoIas 3T0i CHMMETPUCH

N3-3a pasnmuuusg NOpPAIKOB HWHBEPCUOHHOM M 3€PKaJbHO-IIOBOPOTHOM OCEW TIPYIIIIBI
cpennerr kareropuu, no IlEHdaMCY oTHOCAIMECS K OTHOMY CEMEHCTBY, B MEXKIYHApPOIHON
cucTeMe 0003HAYalTCsA TMO-pPa3HOMY TIpM YETHBIX W HedeTHbIXx N. Ilpome Bcero B
MEKIYHAPOAHYIO cucTeMy mepeBoasarcs obo3nauenus rpym Cp (EN), Cny (ENM wmm Nmm) u
D (=N2 wnu N22) ¢ riiaBHO# 10BOpoTHO# ocbto Ch=N: HaJ0 TOJBKO MOMHHUTH O JABYX Kjaccax
«MJIQJIIIMX» DJIEMEHTOB CUMMETPHUHU B TPYIIAX ¢ OCAMHU ueTHOro nopsuaka. llleHduucoBckue n
MEXIYHAPOJIHBIE CUMBOJIBI Tpymi S, U Cp «CHMMETPUYHOY» CBSI3aHBI COOTHOIICHHEM (4): ecru
no [Iénducy mopsmaok rpyni S, TONBKO YE€THBIH, a rpymnmbl S, ¢ N=2k+1 o6o3nauaroT Cyp, TO
no I'epmany-Moreny B rpynmax N/m=Cy, Bcerna N=n=2K, a qus nedeTnsix N npuauMaercs Cyp
=2N. Ormerum, yto cuMBOJBl Dpg=2N2m (N=4K) u D,;=2Nm2 (N=4k+2) moxoxwu. OmHako
3TOT HEIOCTaTOK KOMIICHCHPYETCS BO3MOXKHOCTBIO 3aJaBaTh pACIIOJIOKEHUE DJICMCHTOB
CUMMETpPHHU B TIPOCTPAHCTBEHHBIX Ipymiax, rae cuctema lI€nduca He npumensiercs.

(6) FDVI’ll’lbl svicuiell Kamezopuu cummempuu

no lIéndnucy T Th Tg, O On | Iy
1o I'epmany-Moreny

monmusii cuvBonr 231 2/m 31 43m 432 4/m32/m 235 2/m
KpaTKHil CUMBOJT 23 m 3 43m 432 m 3m 235 m

35
35

Bo Bcex cemu rpymnmnax BbICIIEH KaTeropuu KOOPAMHATHBIE HANPABICHUsS X, Y Z CBSI3aHbI
MOBOPOTHOM OCHIO 3-TO MOPSAKA, MPOXOIAIIEH MO TeJIeCHOW auaroHanu okmawma (1/8 dactu
IPOCTPAHCTBA, OIPAHMUYCHHOHN IMJIOCKOCTAMHU XY. XZ U YZ). B MeXIyHapoaHOM CHMBOJIE 3THX
TPYNIT TIEPBYIO TIO3WIUIO 3aHUMAET «KOOPIWHATHBIN» JIIEMEHT CHMMETPUH, a BTOPYIO —
«IuaroHanabHas» TMOBOPOTHAs OCh 3 WM (B LIEHTPOCHUMMETPUYHBIX TPYINax) WHBEPCHOHHAsS
ocb 3. Tperbe MoJI0KEHHE B TIOJTHOM CHUMBOJIE TPYIIIHI 3aHUMAET 2JIEMEHT, HE TIEPEBOISAIINICS B
«KOOpAMHATHBIC» W «IWAarOHAIBHBIC» (€CIIM TAKWE DJIEMEHTHI €CTh); IIEHTP HHBEPCHU HE
ykazpiBaercsi. OTMETUM, 4TO B CTapoil KpHcTamierpaduyecKkoil aurepatype HCHOIb30BAIUCH
o6o3nauenust M3 (Tr), m3m (Op) u m35 (ly), a anst rpymmsr I, — Takke cumBon M 5.

1.4. CumMeTpHs MOJIEKYJ M MOJTHIAPOB.

ToueuHble TPyNIbI UCHOJB3YIOTCA B XUMHUM JJI ONUCAHUS MOJIEKYISIPHBIX CTPYKTYP U
uX (parMeHToB, a TaKkKe KpUCTAIUIOrpadUyecKuX MOIUIPOB. DIIEMEHThl CHMMETPUN KOHEUHOU
TpexMepHOU (UTyphl y100HO UCKATh 0 CIEeIYIONIEi cxeme.

1. Onpenenuts, ecTh M Y GUIyphl IOBOPOTHBIE OCH M KAKOB MOPSNOK 3TUX oceii N=360¢, rue
(p — YroJl I0BOPOTa C CAMOCOBMEILIEHUEM.

(a) Ecnu naiinena xots Obl OoJlHa OCh MOpsi/IKa BhIIIE 2 — MPOBEPHUTH, HET JIM JIPYIHX Oceil
BBICILIETO NOPSIKA.

(0) Ilpu HanMuuMM MOBOPOTHOM OCH MOpsiAKa N MPOBEPUTH, HENB3Sl JIM BIMCATH IMPOEKIIHIO
¢Gurypel BAOJb 3TOH OCH B NPaBWIbHBIA 2N-YTOJIBHUK (3TO MpPU3HAK MHBEPCHOHHON ocu N
nopsiika 4K wim 2k+1).
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2. IlpoBepuTh, NOPUCYTCTBYIOT JIM IIJIOCKOCTH 3€PKaJbHOTO oOTpaxeHus. Eciau HaiineHsl
HECKOJIBKO IIIOCKOCTEM — ONPENEIIUTB, IO KaKUM YIJIOM OHHU IIEPECEKAIOTCS.

3. IlpoBepuTh, €CTh M y (PUTYPHI LIEHTP CUMMETPHH.

4. Ecnu y Gurypsl ecTb riiaBHasi OCh IOPSAJKA BbILIE 2, ONPEIEINUTh!

(a) HEeT U NepIEeHAUKYIIAPHON K Hel («TOpU30HTaIbHOWY) 36pKaJIbHOM IIJIOCKOCTH,

(0) HeT M «TOPU3OHTAIBHBIX» TIOBOPOTHBIX OCEH 2-r0 MOPsIKa,

(B) HET JIN «BEPTUKAIBHBIX» 36pPKAJIbHBIX IJIOCKOCTEH.

[TepBBIli MYHKT 3TOH CXEMBI MMO3BOJSET YCTAHOBUTH KATETOPUIO CHMMETPHUH (DUTYPBHI.
OTcyTcTBHE TMOBOPOTHBIX OCEH BhIIE 2-TO MOPsJIKA YKa3blBa€T Ha HUBIIYI0 KaTErOpHUI0
cummMeTpuu _(BKIOYas TpuuanbHyio rpynmy C;=1) nmbo Ha TOYEYHBIC TPYNIBI CPEIHEH
KaTeroOpuu 4 (S4) mmm 42m (Dag). (Y ¢uryp, OTHOCAMMXCS K ABYM IIOCIE€IHHM TPYIIIIaM,
IPOEKIHS BAOJb OJHOM U3 Oceil 2 BIUCHIBAaeTCs B KBaapar). PUrypsl, UMeronme 0osbine 0JHON
MOBOPOTHOM ocu 3-r0, 4-r0 WK 5-r0 MOpsaKa, OTHOCATCS K Bbicuied kareropuu. [loBopoTHas
OCb IOpsiJiKa 6 WK BBIILIE OJJHO3HAYHO YKa3bIBAET HA CPEHIOI KATETOPUI0 CUMMETPHUH.

Ecnu ¢urypa oTHOCHUTCS K HU3IIEH KaTerOpUU CUMMETPUH, I.11. 2 U 3 YCTaHABIMBAIOT €€
TOYEYHYIO0 Ipynny. Tpu B3auMHO NEPHEHIMKYISIPHBIE IJIOCKOCTH M YKa3bIBAIOT Ha TPYMILY
mmm (Dzn), ABe nepreHIuKyIspHbIe IIOCKOCTH M (J100 OCh 2, Jexalnas B III0CKOCTH M) — Ha
rpyry mm2 (Cpy), 0O/1Ha TUIOCKOCTh M ¥ LIEHTP MHBEPCUU (WM OCh 2, TIEPIICHAUKY/ISIpHAs K M)
— Ha rpynny 2/m (Czn). OmHOM MIOCKOCTH M 0€3 APYruX JJIEMEHTOB CHUMMETPHUU OTBEYAeT
rpyrna m (Cs). Tpem B3auMHO NMEpIEHANKYSIPHBIM 0CsiM 2 0€3 APYTUX 3JIEMEHTOB CUMMETPUH
orBeuaeT rpynna 222 (D;), ogHoli-equHCTBeHHOM ocu 2 — rpymma 2 (C,), LeHTpy uHBepcuu 0e3
Jpyrux 31eMeHToB cummeTpuu — rpymma 1 (Cj), OTCYyTCTBUIO 3JIEeMEHTOB CHMMETPUH — rpymma 1
(Cy).

Taxke ogHO3HayHO mNo m.i. 1 — 3 ycTaHaBIuMBaeTcs TOYEUYHas TpyINa BbICIIEH
kareropuu. Eciu y ¢urypel HeT moBopoTHBIX ocedl 4 wiu 5 (a TONBKO uyeThlpe ocu 3), OHA
OTHOCHTCS] K CEMEHUCTBY TeTpasdzipa, €CIM €CTh Ocu 3 U 4, HO HET OCH 5 — K CeMENCTBY OKTa’Ipa,
ecii ecTb ocM 3 M 5, HO HeT ocu 4 — K ceMeHCTBY uKocadapa. Purypsl 0e3 MiIockocTei
CUMMETPHUH B CEMECTBE TeTpadzapa npuHaanexar K rpymme 23 (T), B cemeiicTBe oKkTa’pa — K
rpynne 432 (O), B cemeiictBe ukocadapa — k rpymnme 235 (l). Hamuuue xors Obl ogHOM
IUIOCKOCTH M B CEMENCTBE OKTa3pa O3Ha4yaeT Ipymnimy M 3 'm (Op), B cemeiicTe MKOCas/Ipa —
rpymnmy m 35 (In). B cemeiicTse TeTpasapa mI0CKOCTH CHMMETPUHM YKa3bIBAIOT HA Ipymmy 43m
(Tq), ecnmu y ¢urypsl HeT ueHTpa cummerpuu, U Ha rpynmy m 3 (Ty), eciam ¢urypa
LIEHTPOCUMMETpPUYHA.

Toueunble Tpynmbl GUIYp ¥ MOJEKYN, MNPUHAAISKAIUX K CpelHEeH KaTeropuu
CUMMETPHUH, MOXKHO ONPEAENUTh MO I.I. 1-4, UCHONB3ys COOTHOLIEHHS MEXIY 3JIeMEHTaMU
CUMMETPUU:

(A) Ecnm naiinena xoTst Obl 0JlHa TJIOCKOCTh M, B KOTOPOH JICKHUT MOBOPOTHAS OCh TOpsIKa N,
[0 JAaHHOM OCH IepeceKaroTcss N Takux IulockocTe. OOpaTHO, eciu JABE IIOCKOCTH M
IIEpPECEKAIOTCs IO ABYIpaHHbIM yriaoMm 180°/N, nMHUS WX IepecevyeHHs — IOBOPOTHAs OCh
nopsaka N. (Tak, nBe B3aMMHO NEPHEHIUKYISIPHBIE IIJIOCKOCTH 3€PKAJIBHOIO OTPa)KEHUs
MepeceKaroTCsl 0 ITOBOPOTHOI ocH 2).

(b) Ecnu Haiinena xoTsi Obl O/lHA «TOPU3OHTANbHAs» OCh 2, MEPHEHIUKYJISpHAs TJAaBHOU, y
burypsl ecTb N «rOpU3OHTANBHBIX» ocel. OOpaTHO, eciiu 1B€ OCHU 2 MepeceKaroTcs Mo YIriioM
180°/n, 4epe3 TOUKY mepecevyeHus NEPHEHIMKYIIAPHO K HUM IIPOXOIUT MMOBOPOTHAS OCh TIOPSIKA
n. (B wactHOCTH, dYepe3 TOUYKY MEpeceueHHs JBYX B3aMMHO MEPHCHIUKYISAPHBIX oOceil 2
IPOXOJUT TPEThs OCh 2, IEPIEHIUKYISIPHAS UM 00euM).

(B) Ecim ock 2 m mIocKocTh M TepecekaroTcs nox yriom 180°/n, B mmockoctd M
NEePIEeHAUKYIISIPHO OcH 2 mpoxoauT nHBepcroHHas ock N mopsiaka N=n (mpu n=4K) nimm N=n/2
(mpu N=4k+2). Ecnu ke meprneHAnKyIsIpHO TUIOCKOCTH M TPOXOAUT MOBOPOTHASI OCh HEUYETHOTO
nopsiika N=2K+1, ¢ Helt coBnajaeT HBEpCHOHHAs och mopsiaka N=2n (3/m = 6, u T.1.).
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(I') Ecnu nepneHiuKyIspHO MIOCKOCTH M MPOXOJUT MOBOPOTHASI OCh YETHOTO MOPAJKA, TOUYKA
UX IepeceueHms ABIsAeTCs LEeHTPOM nHBepcuu 1.

Ilpuwmep 1.

[Tonp3ysice m.m. 1-4 cxembl U cootHomeHusMu (A) — (I'), ompenenuM TOUYEUYHYIO TPYIITY
IPSMOTO TMapajuIesIenuesia: TPEXMEPHOH (QUTYpbl, OCHOBaHUSMU KOTOPOH CITy>KaT JiBa paBHBIX
napajieiorpaMMa, a OOKOBBIMH TPaHSMH — YEThIPE MOMApPHO PaBHBIX MPSIMOYrOJIbHHKA.
(Puc. 1.9 a-B).

1. ®urypa HeIMKOM TPOCKTHPYETCs Ha CBOE OCHOBaHME, T.€. Ha mapaienorpamMm. Yepes
LIEHTPHl OCHOBAHMUI MPOXOAMT HOBOPOTHAS OCh 2-I0 HOpsAAKA: BpalleHue BOKpYyr Hee Ha 180°
NPUBOJUT K CaMOCOBMEHICHHIO (GUryphl. JIpyrmx oceil CHMMETpPHHM HET, T.K. OTpE3KH,
COCIIUHSIONIUE TICHTPBI MTPOTHUBOMOIOKHBIX MPSIMOYTOJIbHBIX T'paHEH, HE MEPICHIUKYISIPHBI K
IUTOCKOCTSIM ATHX TPaHeH, a COCEHNE I'PaHu HEe paBHBI (M 3HAYUT, HU Yepe3 OOKOBbBIC TPaHH, HU
yepe3 pedpa Helb3s IPOBECTH IIOBOPOTHBIE OCH).

2. TInockocth, MpOXOAsias 4epe3 CepeAMHbI OOKOBBIX pedep MEPIEHIUKYIIPHO K OCH 2,
paspeszaer ¢urypy Ha paBHBIC TOJIOBUHBI, NEPEBOAMMEIC OJHA B JIPYTYIO OTpaX€HHEM, T.C.
SIBIISICTCSL 36PKAJIbHOM TUIOCKOCTBI0 M. JIpyrux ImiockocTeld CAMMETPUU HET.

MpbI BUAMM, YTO TPSAMON Mapajviesienumne]]l He UMEeT JIEMEHTOB CHUMMETPHUH BBIIIE 2-TO
HOpsi/IKa, T.€. €ro TpyIa OTHOCUTCS K HH3IIEH KaTeropuu cuMMmeTpuu. Ecim B nexapToBOM
cHCTEME KOOPJUHAT OCh 2 COBMECTUTH C OCBIO Z, a TNIOCKOCTh M — ¢ KOOPIMHATHOM IIIOCKOCTHIO
XY, pacroyioKeHUe JIEMCHTOB CHMMETPUH OyJIeT COOTBETCTBOBATh IMOJIHOMY CHMBOJTY [ epmaHa-
Morena 1 12/m, t.e. rpynne 2/m (kpatkuii cumBodi), win Cy, (no Llendmucy). A mockonbky
B3aMMO/ICHCTBHE MOBOPOTA BOKPYT OCH 2 W OTPAXKCHHS B MEPHCHIUKYJISPHON IUIOCKOCTH M
MOPOXK/IAaeT MHBEPCHIO |, IpsAMOIA apauiesienue]] — e HTPOCUMMEeTpuYHast Gurypa.

(a) ()
/7
(6) (r) ()

Puc. 1.9 Bun npsmoro napamienenunena (a) ¥ ero NpoeKIMM Ha ocHoBaHHE (0) U OOKOBYIO
rpasb (B); (I') mpaBUiIbHAs TPUTOHAJIbHAS ITpu3Ma, (1) Mosiekyia CeHz(OH)s.

Ipumep 2.

OmnpeneuM TOYSUHYIO TPYIITY IpsSMON TPUTroHAIBHOM npu3mMsel (Puc. 1. 9 1)

1. Uepes eHTPBI OCHOBAHHIA MTPU3MBI IIPOXOHUT OCh 3. Uepes IMEeHTPHI MPSMOYTOIBHBIX OOKOBBIX
rpaHeit (Urypsl U CEpEeIMHBI MPOTUBOJIEKAIINX UM OOKOBBIX pedpep MPOXOAiT MOBOPOTHBIE OCH
2.

la. JIpyrux MOBOPOTHBIX OCEH BBICIIErO MOPSAIKA Y TPUTOHANBHOW NpU3MBI HET. Takum
00pa3om, ee ToueyHas TpyIia MPUHAUICKHUT K CPeTHEH KaTeropuu CHMMETPHUH.

16. IIpoekiusi GUTYpHI BIOJIb €€ OCH 3 — MpaBWIbHBIN TpeyroiabHUK (cM. Puc. 1.4 6). Takum
00pa3oM, y 3Toi IPU3MBI HET HHBEPCHOHHOH ocH 3.

2. TImockocTH, pacceKamlue MpU3My IMOIoJIaM MEPIEeHAUKYIIPHO OCHOBAHUIO M OOKOBOM
TpaHM, MEPEeCceKarTCcsl MO OCH 3 — T.e. SBJSIFOTCS BEPTHKAIBHBIMU TUIOCKOCTSIMH CHMMETPHH.
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JIByrpaHHBIA Yroj MEKAYy COCEIHMMH BEPTHKAJIbHBIMH IUIOCKOCTAMH paBeH 60°. Yepes
cepeauHbl OOKOBBIX pedep mapauiebHO OCHOBAaHUSAM MPOXOAMUT TOPHU3OHTAIbHASI MIOCKOCTh
cumMmeTpun. OHa NEpHeHANKYJISpHA TJIABHOM OCH 3 U BEPTUKAIBHBIM IIOCKOCTSIM M. Ocu 2
MPOXOJAT MO JIUHUAM MePEeCceYeHUs] TOPU30HTAIBHON U BEPTUKAIBHBIX MIOCKOCTEH.

Wrak, y TPMrOHaJILHOM NPU3MBI €CTh €MHCTBEHHAs IOBOPOTHASL OCh BBICLIETO MOPSAKA —
3TO OCh 3, Uepe3 KOTOPYIO MPOXOJIAT BEPTUKAIBHBIE IIJIOCKOCTU M, a NEPIEHANKYIISIPHO OCH 3 —
ropusoHTaibHble ocu 2. [lo cootHomenusm (A) u (b) gemaem BBIBOJ, YTO BCEro MMeEETCs TPH
BEPTUKAJIbHBIC IUIOCKOCTA M W TPH TOPH3OHTAIbHBIE OocH 2. JIByrpanHbIid yrom 60° Mexmy
COCEJHUMH IUIOCKOCTSIMU IOATBEPXKIAET, 4TO IJVIaBHAs IOBOPOTHAs OCb HUMEET MOPSAOK 3.
[TockombKy TOPAOK ITTABHOW OCH HEYETHBIN, u3 cootHowenus (I) cnenyer, uto y Gpurypsr Her
LIEHTPa UHBEPCUH |, T.€. TPUrOHAJIbHAS IPU3Ma HELIEHTPOCUMMETPUYHA.

Taxum 00pazoM, MBI y’K€ MOXKEM OIPEIECIUTh TOYSUHYIO TPYIITY MPSMON TPUTOHATBHOM
npusmbl 1o Iénduucy: 310 rpynna Dz, UtoObl BeiucaTth ee cumBod no ['epmany-Moreny,
COBMECTUM KOODPJIMHATHOE HAIpaBJIEHUWE Z C TJIABHOM OChbl0 3, a KOOpAMHATY X HAlpaBUM
HNEPIEHIUKYJIAPHO K OJHOM M3 BEPTUKAJIbHBIX IJIOCKOCTEH M (M K ocu 2, jexaried B 3Tol
IUIOCKOCTH). YUUTBIBasi MPUCYTCTBUE TPEX BEPTUKAIBHBIX IUIOCKOCTEM M M Tpex Jekalux B
HHUX TOPHU30OHTAJBHBIX Oceil 2 (He COBHAJAIOIINX C KOOPAWHATHBIMU HAIPaBICHUSIMHU X,Y),
3amuineM moyiHbeli cumBoi 3/m 1/m 2. ockonbky 3/m = 6 (myHKT B), KpaTKuii CHMBOJI TPYIIIBI
—3T0 6M2.

Ilpumep 3.

Onpenenum Toueunyio rpymmy Monekynsl 1,3,5-CgH3(OH)s, ecnmu Bce OH-rpymmbl nexar B
IUIOCKOCTH OCH30JIbHOTO 1MKiIa U cBsi3u O-H opueHTHpOBaHBI B OJIHOM HAIPaBICHHU
(Puc. 1.9 n).

Ecmu Bce aTOMBI MOJIEKYJBI JIKAT B OJHOW IUIOCKOCTH, 3Ta IUIOCKOCThH SIBIISIETCS
3JIEMEHTOM CUMMETpPHUU: OTpak€HUE B HEH OCTaBIIs€T aTOMBI Ha ux Mecrax. [loaTromy mMonekyna
1,3,5-Tpuokcuben3oa, Kak BesKasl TUIAHAPHAS MOJICKYJIa, 00JIaaeT 3epKaATbHON TUIOCKOCTRIO M.
B 3amanHoii HamuM KOHpoOpManMM TakXke HMeEeTcs O4YeBHJHAs IOBOpPOTHAas oCh 3,
NEepIEHINKYIISIPHAS TIOCKOCTH MOJIEKYNbl. OCh CHMMETPUH TOPsKA BhIIIE 2 Y IUIOCKUX (UTYP
MOYET MPOXOAMUTH JIUIIb MEPIEHIUKYISIPHO K MIOCKOCTU (PUTYpHI — JII0OBIE APYrHe MOBOPOTHI
00s13aHBI TIEPEBOIUTH JTY IJIOCKOCTH B €€0s, T.€. UM MOTYT COOTBETCTBOBATh TOJIBKO OCH 2.
Takum oOpa3oM, y Mousekynsl 1,3,5-TpuokcuOeH307a €cThb €IMHCTBEHHAs MOBOPOTHAs OCh
BBICIIETO TIOPSIIKA, T.€. €€ TPyNna OTHOCHTCA K CpeJHEed KaTeropuu CHMMETpUU. MOKHO
yOeautbcss (XoTss OBl myTeM 1epebopa), YTO «BEPTUKAJIbHBIE» IUIOCKOCTH M H
«TOPHU30HTANBHBIE» OCH 2 OTCYTCTBYIOT: TAaKH€ DSJIEMEHTHI JIETKO HAaWTH JJIS IEHTPaJIbHOTO
apeHoBOro s/ipa U3 mectu aToMoB C, HO Bce OHU HE NMPHUBEAYT K CAMOCOBMEIIIEHUIO MOJIEKYJIbI B
LEJIOM M3-3a CABHUIa «cKomeHHBIX» cBa3eil O—H. «BeprukanpHoi» mOBOpOTHON ocu Oosee
BBICOKOTO TIOPsI/IKA, COBHAJAIOUIEH C OChbIO 3, TakXe HET: €clu cuuTaTh apeHoBoe s1apo Ce
[PaBUIIBHBIM IIECTHYTOJBHUKOM, OHO MEPEBOAUTCS B cebs moBoporoM Ha 60°, HO Takoi
MIOBOPOT IepecTaBisieT BepliuHbl, 3aHsaTeie OH-rpynnamMu u atomamu H. Mbl BUguM, 4TO BCe
DJIEMEHTBI CHMMETPHH MOJIEKYJIBI (IIOMHMO TOXIECTBEHHOTO MPeoOpa3oBaHus) — 3TO OCh 3 W
NEepHEeHINKYIIsIpHas €W IJIOCKOCTh M, MOpOXKAAloUIMe Ooch 6 (CM. MPEabIAYIIUNA TPUMED).
Toueunas rpynna monekynsl 1,3,5-C¢H3(OH)s B cucreme Hléndguuca — sto rpynmna Can, Kak 1 y
IJIOCKOM MOJIEKYIIbI 0pToGOpHOH KrcnoTel B(OH)s (em. Puc. 1.5 6). B MesxynapoaHoii cucreme
JTaHHas TPyNIa uMeeT MoiaHbld cuMBoil 3/M 11 u kpatkuit cumBon 6. Kak u B mpensiayiiem
npumepe, Mosekyina 1,3,5-CsH3(OH); HemeHTpocHMMETpHUYHA, IMTOCKOJIBKY €€ IUIOCKOCTh M
HEepIEHINKYIIIPHA K TOBOPOTHOM OCH HEYETHOTO MOpSAKA.
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1.5. I'papuxu ¥ OpOUTHI TOYEHHBIX TPy

Fpad)uku cpynn u cmepeoepad)uuecmlﬂ npoeKkyus

K onHOl M TON ’X€ TOYEHYHOW TIpYyNIE MOIYT OTHOCHUTBCS MHOIME TIE€OMETPUYECKHE
burypsl (kak npsMON mapajuielienunen U3 mnpuMmepa 1 U MoJeKylia TpaHC-IUXJIOPITUIICHA Ha
Puc. 1.3 a). O0mue cBOWCTBa CHUMMETPHH BCEX TaKUX (DUTYp WILTIOCTPUPYET 2padpuix epynnol,
MOKA3bIBAIOUINI PACIOJIOKEHHE €€ DJIEMEHTOB CUMMETPUHM — OOBIYHO B MPOEKLHUU BIOIb OCU
MaKCHUMaJIbHOTO nopsiaka. ['paduku TOUEUHBIX M, 0COOCHHO, MPOCTPAHCTBEHHBIX TPYI HIHPOKO
UCIOJIB3YIOTCS B KpUCTAIIOrpaduu.

Uro0bl NpPaBWIBHO IEPENATh HAKIOHHOE PpAaCIOJIOKEHUE 3JIEMEHTOB CHMMETPUM B
rpynmnax BhICIIEH KaTeropuu, IpuMeHsieTcs: cmepeocpaduueckas npoekyus. [Ipu ee mocrpoeHnn
HETOABIDKHYIO TOYKY Tpymmbl (LHeHTp (Urypsl), B KOTOPOH IEpeceKaroTcsi BCE AIIEMEHTHI
CUMMETPHUH, COBMEIIAIOT C IEHTPOM TPEXMEPHOH c(ephl, MEPEHOCAT BCE IEMEHThl CHMMETPUU
Ha CQepuvecKyl0 IOBEpXHOCTb, a 3aTeM moixycdepy C «obpazamMu» BCEX DIIEMEHTOB
MPOEKTUPYIOT Ha OOJIBINOIN KPYT MOCTPOCHHOM CEPEI, T.€. Ha €€ IKBATOPUATbHOE CEUCHHE.

HDHM@D. CmepeoepadmueCKaﬂ NPOEKYUs 31EMEHNOE CUMMEMPUU OKmGSODa

OneMeHTaMH CHMMETPUM OKTa3[pa (ToyeuHas Trpynma M 3 M) SABISAIOTCS TpU
KOOP/IMHATHBIE OCU 4, YEThIpE OCH 3, MPOXOSAIIME MO JAUATOHAISIM OKTAHTOB, LIECTh OCEH 2,
JEBATD IJIOCKOCTEW M (TPM KOOPAMHATHBIE M IIECTh «IMArOHAJIBHBIX») U LEHTP UHBEPCHH 1,
npeoOpa3yroumii MOBOPOTHEIE OCH 3 B MHBEpPCHOHHbIE 3. Eciam okpyXuTh okTasap chepoit u
CIPOEKTHPOBATH €ro pedpa u3 0OLIero IEeHTpa Ha MOBEPXHOCTh 3TOW cdephl (HHBIMH CIIOBaMH,
«pa3fyTh» OKTa’ap B cdepy, MpeBpaTHB ero pedpa B Iyrd Ha cHepruuecKoil MOBEpPXHOCTH),
Takas IPOEKLHS COXPAHUT BCE DJIEMEHThl CHUMMETPUU HCXOIHOM ¢urypsl. YO6pasB peOpa
«cheprueckoro» OKTajzJApa U pa3pes3aB €ro IoIojaM KOOPJUHATHOW IUIOCKOCTBIO XY, MOITYYUM
MIPOEKIIMIO BCEX AJIEMEHTOB rpynmsl M 3 M Ha noiychepy.

OOblyHast mpoekus mnoiaychepsl ¢ HAHECEHHbIMH Ha HEE CHMBOJIAMU 3JEMEHTOB Ha
IUIOCKOCTh XY MCKa)kaeT MPOMOPLMHU, CIABUTAs IOJIOKEHUS JUaroHaibHbIX oceil 3. YToObl
MOCTPOUTD MPOEKIUIO C HEMCKAXKEHHBIM PACIIOJI0KEHUEM JIEMEHTOB, UX «00pa3bl» Ha BEpXHEU
(«ceBepHOI») monycdepe COETUHSIOT MPSAMBIMH JMHUSAMH ¢ Haubojee yJaleHHOW TOYKOH
HIKHEH nomychepsl («HOXKHBIM MOIOCOM»). TOUkM mepeceyeHus: 3TUX JIMHUK ¢ OOJIBIINM
KPYT'OM «3KBaTOPHAIILHOTO» CeYeHHUs CEphI U 3aJat0T cTepeorpaduyecKyro NPOEKIHIO IPYIIIHL.
Ha Takoil npoekiiuu oOKTaHTaM COOTBETCTBYIOT YEThIPE KPYTOBBIX CEKTOPA, BEPTUKAJIbHBIE OCU U
LIEHTP WMHBEPCUM IIPOEKTUPYIOTCS B LEHTP Kpyra, FOPU30HTAJIBHBIE OCH U BEPTUKAJIbHBIE
IUIOCKOCTH — B JMaMeTpbl, a HAKJIOHHBIE OCH — B TOYKHM BHYTPH CeKTOpoB. HakioHHO
pacroyio’)keHHask TIOCKOCTh M IMPOEKTUPYeTCs B Ayry Ha OOJIBLIOM Kpyre, FOpU30HTAJIbHON
IUTOCKOCTH COOTBETCTBYET OKPYXHOCTB 3Toro kpyra (Puc. 1.10 a).

B &

(6) (8) (r)

Puc. 1.10. (a) M300paxeHne HAKIOHHBIX DJIEMEHTOB CHMMETPHH Ha CTepeorpaduyeckoi
MpOoEeKIHMU U TpaduKu Tpymi ceMeiicTBa TeTpadapa: 23 (6) m 3 (B) u 43m (1)

17



Crepeorpaduueckue MPOEKIMU To4deuHbIX Tpymm 23, M 3 u  43mM mnoka3aHbl Ha
Puc. 1.10 6-r. Iy Tpynn HU3IICH U CpeAHEH KaTeropuii CHMMETPHUH, HE UMEIOITUX HAKIIOHHBIX
DJIIEMEHTOB, CTepeorpaduyeckas MPOCKIHs COBMANaeT ¢ OOBYHBIM TpaduKoM rpynnel. B
KpHUcTaiorpaduu Takue MPOCKIMH UCTIONB3YIOT TIPU OIMCAHUS TPYI KyOU4eCKOH CHHTOHHH.

OD6MWIbl MOY€e4YHblX cpynn

Cucmemoti 5K8USANIEHMHbIX NO3UYUL, WA 0pOUMOI, Ha3bIBAETCSI COBOKYITHOCTh TOUYEK B
TPEXMEPHOM IIPOCTPAHCTBE, CBA3AHHBIX OINEPALMAMU CUMMETPUU JaHHOM Ipynnsl. Yucio Todek
B OpOuTE Ha3bIBaeTCs €€ nopsadkom. Bua u nopsaok opOoUTHI ONpeneseTcs: pacloJ0KEeHUEM ee
TOYEK OTHOCHUTEIIBHO D3JIEMEHTOB CHUMMETPUH TpyNIbl. Y BCAKOW HETPUBUAIBHOW TI'PYIIIbI
MMEETCSI HECKOJIBKO N€OMETPUYECKH Pa3JINYHBIX CUCTEM SKBUBAJICHTHBIX NO3ULIMNA. Ecnu To4Ky,
COCTaBIISIIOLINE OpPOMTY, HE JISKAT HU HAa KAKUX DJIEMEHTaX CHMMETpPUH, KaXKAas U3 HHUX
Ha3blBaeTCs oOweni nosuyueu (WM ob0wum nonoxcenuem). Todka, jexamias Ha 3JIEMEHTE
CUMMETPUU (WIM HA IEPECEUEHHM HECKOJIBKHX JJIEMEHTOB) HA3bIBACTCSA YACHMHOU NO3UYUel.
COBOKYIHOCTb 2JIEMEHTOB CUMMETPUHU, Ha KOTOPBIX JIEXKUT TOUYKA, ONPENEISAECT €€ JOKAAbHYIO
cummempuro, WIN JokanbHylo epynny. OpOuTy Tpynnsl OOBIYHO 00O03HAYaIOT CHUMBOJIOM
JIOKQJIBHOM IPYIIIBI €€ TOYEK.

OpOHTHI TOYEUHBIX TPYII YAOOHO CTPOUTH C MOMOIIBIO rpaduKa TPyIIbl, ACHCTBYS Ha
BBIOPAHHYIO TOUKY BCEMU UMEIOIMMHUCS 31eMEHTaMu cUMMeTpuu. Hanpumep, Touednas rpymnna

6m2 (D3n) uMeeT 1mecTh TeoMeTpruecKr pa3Hbix opout (Puc. 1.11)

[_>%{<i Eﬁ

Puc. 1.11. (a) I'papux rpynmsr 6m2 (maHecTH opobutsl). (0) Monekyna npu3MaHa
(«mproapoBckoro oenzonan) CeHg ( 6M2): BoIICIEHA CHMMETPHUYECKH HE3aBHCUMAs YaCTh.

op6uTa 1 m m mm2 3m  6m2
KpaTHOCTh 12 6 6 3 2 1

KparHocTs opouTsl B rpyrine G cBsi3aHa ¢ HOPSIKOM 3TOM TPYIIIIBI TPOCTHIM COOTHOIIEHHEM:
(5) KkpaTHOCTH OpOUTHI = |G|/|G g,

rie |G| — mopsinok «ucxomaHoi» rpymbl G, |G x| — MOPSIOK JOKATBHOW TPYIINBI TOYKH B OPOUTE.
KpatHocTh 00111eT0 1MOJI0KEHUS BCEeTAa paBHa MOPSIKY TPYIIBL: TaK, TOYKa B o0miel mo3uuu 1
rpynmbl 6M2  pa3MHOXKAETCS DJIEMEHTaMH CHMMETpUH B opOuty u3 12 Ttouek. Toukawm,
JeKaUMM Ha Pa3IUYHbIX IJIOCKOCTSAX M, COOTBETCTBYIOT JIB€ F€OMETPUUECKHU pa3Hble OpPOUTHI.
[Ipu pacronokeHMM TOYKM Ha «BEPTUKAJIBHOW» IJIOCKOCTH cummerpun (Z#0) opbOura
OXBaThIBAET 6 BEPIIMH TPUTOHAIBHON MPU3MBI HAJ U MOJ «TOPU30HTAIBHOWY INIOCKOCTBIO M, a
opOuTe M3 TOYEK, JEKAINMX B TOPU3OHTAIBHON IIockocTH cummerpun (Z=0), oTBedaroT
BEpPUIMHBI HEPABHOCTOPOHHETO HIECTHUYTOJIBHUKA B 3TOW IUIOCKOCTH. Ilomoxkenue Ha ocu 2 B
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rpynmne 6mM2 o3Ha4yaeT, YTO TOYKA MMEET JIOKAJbHYI0 CUMMETPHIO MM2, MOCKOJIBKY OCH 2 B
ATOM Irpynne HaXoJATCs Ha MEPECECUCHUN «BEPTUKATBHOW») U «TOPU3OHTAIBHOMY IIIOCKOCTEN M;
TaKOW OpOMTE COOTBETCTBYIOT BEPIIMHBI MPABUIBHOIO TpeyrojbHHKA. [loyojkeHHe TOYKH Ha
[JIABHOM OCH CUMMETpUM NpH Z#(0 OTBEYAET JIOKAJILHOW Ipymie 3M U KPaTHOCTH OpPOMTHI
| 6m2|/|3m| = 12/6 = 2. Haxonen, yacTHOE I0JOKeHHE Z=( OTBEYAET HEMOJABMKHOM TOYKe
TPYMIIbI, T.€. TOTHOH CUMMETpUHM O6M2 M KpaTHOCTH 1, TaKk Kak 3Ta TOYKAa OCTAETCS Ha MecTe
IIpU JIEHCTBUM BCEX OIEpaliii CHMMETPHUH TPYIIIIHL.

OTMeTuM, YTO BCE JIOKAJIbHBIE TPYHIBI TOYEK B OpOMTAaX SIBISIOTCS IMOATPYNIIAMHU €€
rpynnsl G, HO He BceM noArpymnmnam u3 G MOryT cOOTBETCTBOBATh OPOUTHI (Harpumep, opouT ¢
JIOKAJIbHOM cumMeTpueit 3 wim 2 B 6M2 HeT, MOCKOJIBKY B ATOM TpyIIe BCE MOBOPOTHHIE OCU
SBJISIFOTCSL JINHUSIMU TI€PECEUEHUS MIIOCKOCTEH CUMMETpPHH). 3aaBasi KOOpAUHATHI (X,Y,Z) aToMa
B MOJIEKYJIe, OTHOCsIIENCcS K ToueyHoi rpymnmne G, Mbl (pakTHUeCKH 3aJ1aeM TMOJIOXKEHHUS BCEX
aTOMOB TOTO K€ JJIEMEHTA, BXOJAAIIMX B HEKOTOPYIO OpOuUTy 3TOi rpymmbl. COBOKYIMHOCTh
aTOMOB, MOPOXKAaoIas (Yepe3 COOTBETCTBYIOLIUE UM OpOUTHI Tpymibl G) BCIO MOJIEKYIISIPHYIO
CTPYKTYpY, Ha3bIBaeTCsl cummempuiecku Hesagucumou yacmoro Mosiekynsl (Puc. 1.11 6). Takoe
«OKOHOMHOE» TPEACTABICHUE MOJEKYISPHBIX CTPYKTYp HCIONB3YEeTCSd B KBAaHTOBON XHMHUHU.
Pacrnionoxxenne atoMoB B KpucTamie («KpUCTAINIMYECKHE CTPYKTYpPbI») IMOYTH BCEr/a 3a/atoT
KOOpJMHATaAMH aTOMOB B CHMMETPUYECKH HE3aBUCUMOI YaCTH SJIEMEHTAPHOU SUCHKU.

1.6. Hpe}le.]'[bﬂble TOYCYHBbIC I'PYNIIbI 0€CKOHEYHOI0 nmopsiika

Hexotopbie reomerpuyeckie (GUTyphl IEPEBOISATCS B CAMHUX Ce0sl TOBOPOTOM Ha JIFOOOH
yroJl BOKPYT CBOEH LIEHTpaIbHON ocu (TUNIOCKUH AHMCK, KPYrOBOM KOHYC, KPYrOBOW IWJIMHID,
AITMIICOU]] BpAIllEHUs1) WIM JIaXXe BOKPYT JIIOOOH HpsIMON JIMHUM, NMPOXOJAIIEH depe3 LEHTP
dburypsl (chepa). Ocy cuMmMeTpun Takux (GUryp, AoMycKaromias BpamleHus Ha MPOU3BOJIbHBIH (B
TOM 4HciIe OECKOHEYHO Majblil) yrojl, Ha3bIBACTCS OCbIO CUMMempuu OecKOHeYH020 NOPAOKA.
[ToBopoTHYIO OCh OeCKOHEYHOro mopsijika B cucteme I'epmana-Morena 06003Hayar0T CUMBOJIOM
«oy, B cucreme HI€ndmmca C,.. CHMMETpHIO KOHEYHBIX (UTYp C TAKMMH OCSIMHU 33JaI0T CEMb
Moueunvlx 2pynn_Oeckoneunoeo nopsoka. B kpucramiorpaguu X Ha3bIBAIOT npedeibHblMU
epynnamu, inu gpynnamvu Kwopu.

Cumeo.bl npedeibHbix 2DYRN

no HIéndaucy C. Sw (Con)  Cov, D. Doh K Kn

ITo I'epmany-Moreny

MOJIHBIA cuMBONT o011 o/m1l1l ooml w021 omml wowol oo/m oo/m 1
KpaTKHUN CUMBOJI 0 0 (00/m) oom 02 oo/mm 0000 00/Moo

s

(\\\\\\\\\\&\\\\\\\\()

N
C. () S o/ m) Casloom)  Dey(en/mm)
| /\ T f /\
G S o D, G Du D

-

Puc. 1.12. LlunmuHapryaeckue mpeaebHbIe TPYIBI 0ECKOHEUHOTO MOPSIKA.
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I'pynna oo Ha3bIBaeTCsl epynnou spawaioujecocs konyca (T.e. «koHyca 0e3 IIIOCKOCTeH
cummetpuny», Puc. 1.12). Ee MOXXHO cuMTaTh «Ipenesom» OSCKOHEYHOH MOCIeA0BaTeIbHOCTH
TO4euHbIX Tpynn 2, 3, 4, 5, ..., N, ... ¢ HEOTpaHUYEHHBIM YBEJIIMUYECHUEM TOPSJIKA TOBOPOTHOM
ocu N. OcranbHble YeTbIpe TPYIIBI C €IUHCTBEHHOM OCHIO OECKOHEUYHOTO MOpSAIKa TaKKe
MOYKHO CUMTATh MPEACTbHBIMH MPEACTABUTEISIMH CEMEICTB, COCTABICHHBIX U3 TOUYEYHBIX IPYIII
cpenHelt kateropuu. Tak, Tpyma «Bpallarollerocs NUIHMHIPay («IHINHIpa 0e3 BepTUKAIbHBIX
IUIOCKOCTEH M TOPU3OHTAIBHBIX OCeil 2-ro mopsiaka», Puc. 1.12) oo, unmm oo/M, sBIseTCs
npeieNbHBIM MpeacTaBuTeneM cpady aByx cemeiicts rpymm N u N/m (B cucreme IlIénduca —
cemelictB Sy 1 Cpp), TO3TOMY B JIMTEpAType SIS HEE MCTIOIB3YIOT JiBa 0003HaueHus1. JloOaBieHne
NEPIIEHIUKYIAPHOK TUIOCKOCTH K TMOBOPOTHOM OCH OECKOHEYHOrO MOPS/IKA OJHOBPEMEHHO
npeoOpazyeT ee B MHBEPCUOHHYIO OCh 0 M MOPOXAAaeT LEHTp uHBepcuu 1 (T.K. cpeam Bcex
MIOBOPOTOB BOKPYI' OCH o0 Haiijercs mosopor Ha 180°). Ipynna ckpyuennozo yumunopa o2
(«qunuHIpa 6€3 MIIOCKOCTeH CHUMMETPUH, HO C TOPU3OHTAJIbHBIMU OCAMH 2-TO TOPSAKay,
Puc. 1.11) sBnsercsa npenenbHbIM npencraButesneM ceMmeinctB N2 (¢ HedetHeiM N) u N22 (c
yetHbIM N), epynna nenodseudicrno2o konyca — aHaJOTHYHBIM IpecTaBUTeNeM cemercTB NM u
Nmm. Hakoneu, epynny nenodeusicnozo yununopa oo/MM MOXKHO CUHTATh NPEAEIOM Cpasy
gyethipex nociemoBarenbrHocteii: Nm2, N/mmm, Nm wu N2m (N—oo). JlByMm mnepBbiM
MOCIIEA0BATEIBHOCTSIM TPYIIIT COOTBETCTBYIOT MPaBUIIbHBIE N-YyrOJbHBIE MPU3MbI C HEYETHBIM U
getHbIM N (Dpp—cummerpus no LEnduucy), ABYM MOCIEAHUM — aHAJIOTHYHBIC N-YrOJbHBIC
antunpusmsl (Dyg); 006e mocnenoBarenbHOCTH (GUTYP NPU HEOTPAHUYCHHOM YBEITMYECHUU YHCIIA
CTOPOH B OCHOBAaHUH «CXOJATCS» K KPYTOBOMY LIMJIHHIDY.

HauBbicielt cuMMerpuu B TpPEeXMEpPHOM IPOCTPAHCTBE OTBEYAET TOYEHHAS TpYIIa
oo/moo, niu Ky, (0ecKOHEYHOE YHCII0 OCeH 00 U TIOCKOCTEH M, MPOXOIAIIUX Yepe3 OAHY TOUKY,
TUTIOC OECKOHEYHOE YMCIIO MOPOXKACHHBIX HMU HHBEPCUOHHBIX OCEH, a TaK)Ke LIEHTP UHBEPCHH).
Cpenn KOHEUHBIX TpeXMEpHBIX (uryp Takoil cummerpuell obnamaer Tombko cdepa. Bcee
TOYEYHBIE IPYIMIIBI, BKJIIOYasl OCTAJIbHBIE TIPEEIbHbBIC TPYIIIbI, SBISIOTCS MOATPYIIAMU TPYIIIIbI
/Moo — Tak, OECKOHEYHAs 2pynna cgepvl ¢ spawiarouumucs mouykamu oo («cdepbl 0e3
IUIOCKOCTEH CUMMETpUN») SBJISIETCS MOJArPYIION BCeX COOCTBEHHBIX BpAlllEeHWH TpexMepHOH
chepsl (o HIeadancy KcKy).

K rtoueunoii rpynme oom (C.y) OTHOCSATCS BCE HELEHTPOCHMMETPUYHBIC JIMHEHHBIC
mosekyinbl (NO wm npyrme nByxaromuesie wmosiekynsl XY, HCN wu T.1.). Jluneitnse
neHTpocumMmeTpuuHble MoJieKyibl (Oz, Np, CO2, HC=CH u 1.1.) mpuHauiexar K rpymnmie co/mm.
[Tpumepamu cucteM co cheprudeckoil CHMMETpHEN SBISIOTCS U30JUPOBAHHBIE aTOMBI, aTOMHBIE
A7pa ¥ YacTHUIIbl B I0JI€ TOYEUHOIO paccerBarollero neHTpa. O4eHb MHOTME CBOMCTBA TaKUX
cucteM (06— 1 m—-MO B JIBYXaTOMHBIX MOJEKynax, S-, P-, d- u f-AO, KBaHTOBBIC COCTOSIHUS
aTOMHBIX SIZIEp W JIp.) HEMOCPEJICTBEHHO BHITEKAIOT M3 MX BBICOKOW cuMMeTpuu. IlpenenbHbie
TOYEUHBIE TPYMIbI MUPOKO HCIOJIB3YIOTCS B aTOMHOM M SiIEpHON (H3UKE, B MOJEKYISIpHOU
CTHIEKTPOCKOIUH U B (PM3UKE KPUCTAILIIOB.
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